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INTRODUCTION 
The tendency of a fluid in turbulent flow to disperse 
material, energy, momentum, or other properties is of 
fundamental importance in many unit operations, such as heat 
transfer, extraction, absorption, and mixing. In turbulent 
single phase fluid flow, heat and mass transfer take place 
through the combined effects of molecular diffusion and 
turbulent diffusion, or mixing. This mixing is produced and 
promoted by the non-uniformity of the velocity of the various 
fluid elements, causing eddies which bring together various 
portions of fluid having dissimilar temperatures and concen­
trations. The joint effects of such mixing and molecular 
diffusion can be expressed in terms of an empirical parameter, 
the total diffusivity coefficient. Since turbulent diffusion 
is not an isotropic process, this diffusivity coefficient is 
a complex function of the molecular properties, position in 
the flow, velocity, and other flow characteristics in any 
given system. Present correlations are based on overall 
effects and are often inadequate for design purposes. 
The evaluation of point values of the total mass 
diffusivity is a much more rigorous approach to the problem of 
turbulent mass transfer in fluid streams than many of the more 
familiar techniques found in practice. Quantities such as 
longitudinal "dispersion" coefficients which are based on 
overall effects are often inadequate for two main reasons. 
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Firstj in design problems, it is often desirable to know the 
point values of concentration in a system. The design of a 
fixed bed catalytic reactor is an example of such a problem. 
Secondly, unless the basic mechanisms are determined, it is 
seldom possible to extend experimental results to cases 
involving extreme operating conditions, unusual physical 
properties, or widely varying molecular properties» 
Certain analogies exist between the processes of heat, 
mass, and momentum transfer in turbulent flow. Often the 
tendency is to over extend these analogies to a more complete 
range than is warranted. The analogy between mass and 
momentum transfer, for instance, exists in a limited sense 
only, in that the differential equations describing the process 
are similar. The diffusivities of mass and momentum are not 
necessarily equal or even proportional. However, it is often 
possible to use such mass transfer quantities as the mass 
transfer Peclet number to qualitatively describe the momentum 
transfer characteristics of the stream over a range of 
operating conditions. 
Since in a rigorous sense the diffusivity coefficient for 
mass transfer is a second order tensor, the problem of 
evaluating the different components arises. In cylindrical 
tube flow two components are significant. The simultaneous 
determination of the point values of these components is 
necessary to completely determine the diffusivity coefficient. 
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In order to determine these components using point values of 
concentration and velocity at different times, the solution 
of a second order linear partial differential equation is 
required. 
Previously obtained experimental evidence indicates that 
the total diffusivity may be analytically described by 
expressions which combine local and overall effects in the 
stream. Because it is the action of the turbulent stream 
which promotes turbulent diffusion, parameters of the flow 
are used to describe the local and overall mechanisms. 
The effect of molecular properties on the turbulent 
diffusion characteristics of a fluid is an important consid­
eration, especially when comparing liquid and gas data. The 
molecular diffusion coefficients for gases are on the order 
of 105 times as great as those for liquids, while the eddy 
diffusivities for gases are about 102 higher than those for 
liquids. A good method of comparing gas and liquid data 
collected over a wide range of Reynolds numbers with various 
types of apparatus consists of plotting the position Peclet 
number against the position Reynolds number in the system. 
These position numbers use point values of velocity, 
diffusivity, and radial position for their evaluation. 
Previous work by this author (107) has provided 
considerable information on the variation of the radial 
component of diffusivity with position and Reynolds number 
if 
in a turbulent liquid stream. An investigation of the 
diffusion of fluorescein dye from a point source in a water 
stream has provided data which have been used to calculate 
point values of the radial mass diffusivity. These values 
have in turn been used to determine the relationships between 
the mass transfer Peclet number , turbulent Schmidt number3 
and Reynolds number in the liquid stream. The effect of 
molecular properties on the diffusion characteristics has 
been investigated by calculating the variation for both 
liquids and gases of a position Peclet number with position 
Reynolds number, using both the experimental data of this work 
and of other investigators. 
In previous work the axial component of diffusivity has 
been neglected on the assumption that the effect of axial 
diffusion is negligible when compared to the effect of the 
bulk flow. At low Reynolds numbers results indicate that 
this is not necessarily true. Determination of the axial 
component becomes desirable. Because of the complexity of 
the mathematics involved, little work has been done on the 
simultaneous evaluation of the two components. This work 
uses an unsteady state experiment to accomplish this. 
Required is the solution of a second order linear- partial 
differential equation with the independent variables of 
radial position, axial position, and time. 
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LITERATURE REVIEW 
Introduction 
General introductory treatments of the subject of 
turbulent diffusion may be found in chemical engineering texts 
such as those by Sherwood and Pigford (109), Treybal (127), 
Perry (84)? Knudsen and Katz (59), and Foust, et al. (37) • 
More specific treatments of the subject can be found in Bird, 
et al. (11), Schlichting (102), and Hinze (48). Sage (99) 
presents a summary of the role of fluid mechanics in chemical 
engineering. Opfell and Sage (82) present a comprehensive 
summary of the role of turbulence in material and thermal 
transport. 
Turbulent Flow 
Any study of a turbulent diffusion process mucfc ulti­
mately lead to or begin with the nature of turbulence itself. 
The structure and mechanics of turbulent flow have therefore 
recently come under an increasing degree of investigationo 
Several excellent treatments are available in the literature. 
Perhaps the most complete of these is presented by Hinze (48). 
This work reviews the mechanisms and theories of turbulence, 
with special emphasis on methods and techniques of measure­
ment, nonisotropic free turbulence, wall turbulence, and 
transport processes in turbulent flow. Another work by 
Schlichting (102) treats the subject from a more basic, 
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mathematical approach, emphasizing the use of the boundary 
layer theory. Special emphasis is given to the origin of 
turbulence and to the solution of the boundary layer equations 
for special physical situations. 
The original classical discussion of the concepts of 
turbulence as suggested by Prandtl, Taylor, and von Karman, 
was presented by Bakhmeteff (5)• Taylor (120, 121) presents 
discussions of the statistical theory of turbulence and the 
spectrum of turbulence. 
A more recent work on the structure of turbulence in 
fully developed pipe flow is presented by Laufer (62), 
Deissler (28) presents analytical and experimental investiga­
tions of adiabatic turbulent flow in tubes. Srirba and Hurt 
(116) investigated turbulence in falling liquid films, with 
special applications to wetted-wall columns. Pai (83) treats 
turbulent flow in his two-volume summary of viscous flow 
theory. 
Several authors have successfully used photographic and 
visual techniques to investigate certain aspects of turbulent 
flow. Fage and Townsend (3*+) used an ultramicroscope to 
determine the motion of small illuminated particles in a 
square pipe. Friedlander (40) also studied the behavior of 
suspended particles in a flowing fluid and related the results 
to a mean square velocity fluctuation. Lindgren (69) presents 
pictures of birefringent bentonite suspensions flowing in 
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plexiglass tubes. A study was made of the turbulent core and 
laminar sub-layer with probes acting as disturbances. The 
photographs indicated that the classical value of 2100 for the 
transition Reynolds number is not actually the critical value 
in all cases. An expression was derived which related the 
thickness of the laminar sub-layer to the viscosity, fluid 
density, and shear stress at the wall. 
Richardson and Beatty (91) studied dye patterns in 
turbulent flow in the wall adjacent region and noticed the 
film-like effects near the wall. Corrsin (23) investigated 
the theory of an idealized turbulent mixer by postulating 
stationary isotropic turbulence. 
Several investigators have considered the problem of the 
transition between laminar and turbulent flow. Ryan and 
Johnson (98) present a discussion of this, and introduce the 
concept of a local stability parameter to describe the inter­
mediate range, in terms of the ratio of input energy and 
dissipated energy in the stream. Prengle and Rothfus (90) 
used a dye injection system to study the transition flow of 
water. They found discrete eddies at Reynolds numbers of 
1500-2100, and observed large spiral eddies at Reynolds 
numbers greater than 2100. Whan and Rothfus (132) studied 
the characteristics of transition flow between parallel 
plates using the same techniques. 
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Turbulent Diffusion 
The turbulent diffusion of mass, heat, and momentum are 
in certain ways very analogous processes. Many authors have 
chosen to investigate the general subject of turbulent diffu­
sion without special regard to any transferred property. 
Hinze (48) presents an excellent treatment in this manner, 
Sherwood and Woertz (111) also present an excellent treatment 
of the diffusion process. Sherwood (108) in another work, 
relates the three transfer processes by use of the Reynolds 
analogy. Deissler (27) presents an analysis of turbulent 
heat transfer, mass transfer, momentum transfer, and friction 
in smooth tubes and corrects previous equations for wall 
effects. 
Frenkiel (39) discusses the statistical theory of 
turbulent diffusion. Callaghan (14) discusses the analogy 
between mass and heat transfer in turbulent flow. Von Karman 
(56) presents a discussion of the analogy between fluid 
friction and heat transfer. Mickelsen (79) measured the 
effect of the molecular diffusivity in turbulent diffusion. 
Yablonski, et al. (133) discuss the general topic of turbulent 
diffusion in pipes. Toor (124) discusses turbulent diffusion 
and the multicomponent Reynolds analogy. 
Mass transfer 
A large part of the work on turbulent diffusion has been 
done by investigating the transfer of mass in fluid streams. 
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The great majority of the work done on mass transfer in fluid 
streams can be divided into three major systems: (1) Packed 
or fluidized beds, (2) Wetted-wall columns, (3) Co-axial fluid 
streams. 
Packed or fluidized beds The study of mass transfer 
in packed beds has the closest practical chemical engineering 
application of the three systems since its results are often 
directly applicable to the design and operation of catalytic 
reactors, absorption columns, and packed columns of other 
types. This groui is considered here because a great deal of 
the basic work on diffusion has been done in packed beds. 
Aris and Amundson (2) used a pulse input of tracer to 
study longitudinal dispersion in a bed of fixed solids. They 
show both theoretically and experimentally that the radial 
Peclet number in a packed bed approaches 11.0 as the Reynolds 
number increases. A comparison of mixing and turbulent 
diffusion distribution functions shows that the axial Peclet 
number approaches 2.0 at fully developed turbulence. 
Bernard and Wilhelm (9) were the first to investigate 
turbulent diffusion in a packed bed of solids. Liquid phase 
experiments were performed with a methylene blue dye solution 
diffusing from a point source into water, and gas phase experi­
ments were performed using a similar system of carbon dioxide 
and air. A modification of the original Wilson equation was 
used to calculate the ratio of bulk velocity and total mass 
10 
diffusivity "by utilizing the boundary conditions of a confining 
wall and point injection tube. The Peclet number was corre­
lated with the Reynolds number by using the packing particle 
diameter as a parameter. The mathematical analysis is 
incomplete since the effect of non-isotropic diffusion was 
neglected. 
Carberry and Bretten (17) studied the axial dispersion of 
mass in packed bed flow. By utilizing a pulse input of dye in 
water, as well as a helium-air system, it was found that the 
dispersion coefficient increased linearly with Reynolds 
number in the range from 5 to 100. 
Deisler and Wilhelm (26) used frequency response 
techniques in beds of Norton catalyst spheres to measure the 
axial dispersion of hydrogen in a bulk stream of nitrogen. 
It was found that for Reynolds numbers in the range from 4- to 
50 that the amount of axial dispersion was very much greater 
than the amount of molecular diffusion, 
Fahien and Smith (35) were the first to solve the general 
mass transfer differential equation allowing both velocity and 
total diffusivity to vary with position in a system. Mass 
transfer in a packed column was investigated over a range of 
packing and column sizes. A semi-numerical method was applied 
in solving the mass transfer equation by replacing the 
differential equation with a set of homogeneous linear 
difference equations which led to a series solution expressing 
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concentration as a function of position. The Peclet number 
was found to increase with radial position. 
Dorweiler and Fabien (3O) extended Fahien and Smith's 
work to very low flow rates for Reynolds numbers less than 
500. A correlation was established for Peclet number with 
Reynolds number. 
Brgun (33) presents a study of mass transfer rate in 
packed columns, drawing an analogy with pressure loss. It 
was found that the coefficient of mass transfer was a linear 
function of fluid flow rate, porosity, particle diameter, 
bulk viscosity, fluid density, and the molecular diffusion 
coefficient. 
Ebach and White (32) utilized recording colorimeters and 
frequency response techniques to measure the mixing of fluids 
flowing through beds of glass spheres, Raschig rings, Berl 
saddles, and Intalox. Eanratty, et al. (45) measured the 
spreading of a tracer dye from a small injection tube in a 
bed of glass spheres fluidized in water, and presented a 
theoretical analysis of turbulent diffusion. It was concluded 
in this study that at large diffusion times eddy diffusivity 
becomes constant. This analysis could be applied to other 
areas of turbulent diffusion since it contains no parameters 
characteristic of a packed bed. 
McHenry and Wilhelm (78) studied the axial dispersion of 
binary gas mixtures flowing in a random bed of spheres. A 
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sinusoidal input concentration wave was used. It was con­
cluded that the axial dispersivity was on the order of six 
times the radial diffusivity. 
Prausnitz and Wilhelm (89) studied fluctuation mechanisms 
in a packed bed by means of electrical conductivity measure­
ments of a hydrochloric acid-methanol mixture diffusing into a 
water stream. Concentration fluctuations were measured at 
various distances above the bed at different radial distances, 
and using different particle diameters. 
Strang and Geankoplis (117) also used a frequency 
response technique to study the longitudinal dispersion of 
liquids in packed beds. Jacques and Vermeulen (52) studied 
dispersion phenomena in packed beds in both the axial and 
radial directions in order to provide basic data for extrac­
tion tower design. Experiments were made with nine different 
beds involving regular and random packing arrangements in 
both one-phase and two-phase flow. Wide ranges of Reynolds 
numbers were used covering the regions of laminar, transition, 
and turbulent flow. Different constant values of the axial 
Peclet number were found in the laminar and turbulent ranges. 
The existence of a fairly sharp transition range was observed. 
In a later work Jacques, et al. (51) studied axial mixing for 
the countercurrent flow of liquids through packed beds, using 
different combinations of packing type, size, and arrangement. 
The Peclet number was measured for systems of kerosene-water 
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and mineral oil-water. Miyauchi (80) presents a discussion 
of the mathematical theory of longitudinal dispersion in 
solvent extraction columns. 
Bradshaw and Bennett (12) measured the effect of axial 
diffusion on the mass transfer coefficients for fluid-particle 
mass transfer in a packed bed. The radial and axial concen­
tration profiles of napthalene in air passing through a bed 
of napthalene pellets were measured. Symmetry in the axial 
direction was assumed. 
Schiesser and Lapidus (101) made residence time studies 
of a trickle bed by measuring the transient response caused by 
pulse and step function inputs of water trickling through a 
four-inch column packed with spheres. 
Cairns and Prausnitz (13) used a salt solution tracer 
technique to measure longitudinal eddy diffusivities in a 
liquid-solid fluidized bed. They found that maximum mixing 
occurred at a void fracture of 0.70. 
Liles and Geankoplis (67) employed a frequency response 
technique to determine the effect of bed length on the axial 
diffusion coefficient in a packed bed. End effects were 
eliminated by a special sampling technique. Radial diffusion 
was neglected. 2-Napthol was used as a tracer. It was found 
that an increase in length would decrease the axial diffusion 
coefficient. 
Converse (18) offers some remarks on the effect of the 
14 
velocity profile on axial dispersion in packed beds. 
Wehner and Wilhelm (129) present an analysis of the 
boundary conditions for a steady state flow reactor with axial 
dispersion and first order reaction. Conclusions regarding 
reactor properties are reached as a result of the solution of 
three differential equations for three sections of the reactor. 
Contributions of the diffusivities in the three parts of the 
system to the course of the reaction are considered. 
Kramers and Alberda (60) used a frequency response 
analysis of a continuous flow system to study longitudinal 
dispersion in liquid flow through packed Raschig rings and 
for back mixing flow. Sinusoidally varying concentrations 
were applied to a water-acid system. Lapidus (61) studied 
flow distribution and diffusion in fixed bed two-phase 
reactors. It was found that small deviations from plug flow 
had no effect on conversion. Van Deemter, et al. (25) 
studied the effect of longitudinal dispersion and the 
resistance to mass transfer as causes of non-ideality in 
gas chromatography. Danckwerts (24) studied the effects of 
longitudinal dispersion on the distribution of residence 
times in continuous flow systems. Both open and packed tube 
systems were discussed. 
Wetted-wall columns Studies of wetted-wall columns 
are often directly applicable to such unit operations as 
absorption and air conditioning. Sherwood and Woertz (111) 
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studied the transfer of water from a falling water film 
through a flowing air stream to a falling film of calcium 
chloride solution over a Reynolds number range from 3,600 to 
102,000. They reported a fairly constant value of eddy 
diffusivity over the main central portion of the air stream. 
The eddy diffusivities were calculated from the slope of the 
partial pressure curves obtained from analyzing the air 
stream. The product of gas density and total diffusivity was 
found to be 1.6 times the eddy viscosity. 
Jenkins (53) vas unsuccessful in attempting to measure 
the eddy diffusivity in a turbulent air stream flowing past a 
flat plate by studying the evaporation of iodoform containing 
radioactive iodine. 
Stirba and Hurt (116) present an interesting study of 
turbulence in falling liquid films. This study found apparent 
turbulence even at very low Reynolds numbers. This is 
important to mass transfer studies since mass transfer is 
more sensitive to turbulence than either momentum or heat 
transfer. 
Schwarz and Hoelscher (106) studied mass transfer in a 
wetted wall column at a Reynolds number of 25)000 and computed 
values of mass and momentum transfer correlations at different 
radial positions. By measuring the variations of velocity and 
humidity they calculated eddy diffusivities and found that 
they reached a maximum at radial positions oth<:.r than the 
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center. The effect of column height on local mass transfer 
was shown. 
Dhanak (29) Investigated the eddy diffusion of water 
vapor and momentum in a wetted wall channel with Reynolds 
numbers ranging from 8,000 to 160,000. A correlation of 
average eddy diffusivity with Reynolds number was presented. 
Dhanak found that mass flux was transferred about 60 per cent 
faster than momentum flux. 
McCarter and Strutzman (76) studied transfer resistance 
in a wetted-wall column and concluded that the eddy diffusiv­
ity had a negligible effect on the total resistance to mass 
transfer. 
Co-axial fluid streams in tubes Although the above 
mentioned systems seem to have closer practical applications, 
the study of mass transfer in co-axial fluid streams is 
actually the most basic of the three, since all the processes 
deal essentially with the flow of fluids in some sort of 
channel or interstice. 
Towle and Sherwood (125) made the first measurements of 
turbulent mass transfer in a gaseous system. Carbon dioxide 
and hydrogen were injected at the center of a circular duct, 
and concentrations were measured over the central third of 
the stream at various downstream positions. Adapting the 
Wilson equation for heat dissipation from a point source in a 
moving stream, eddy diffusivity values were obtained and 
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compared with the experimental data over a Reynolds number 
range of 12,000 to 180,000. The assumption was made that the 
eddy diffusivity was isotropic, and an expression was derived 
relating the diffusivity to the average velocity, the radius 
of the conduit, and the friction factor. Diffusivities were 
found to increase with Reynolds number and to decrease with 
height above the injection point. 
Kalinske and Pien (55) determined eddy diffusivities for 
the mixing of material from a point source in a horizontal 
turbulent water stream by utilizing the original equations as 
presented by Taylor (119). Levenspiel (65) presented a study 
of longitudinal mixing of fluids flowing in circular pipes. 
He applied design charts incorporating data from the litera­
ture to pipeline studies and the design of chemical tubular 
reactors. These charts were based on the assumption that 
longitudinal fluid mixing is analogous to the process of 
diffusion, and that a longitudinal dispersion coefficient can 
be used in Pick's law to represent the mixing. Equations were 
then derived which relate the expected concentration curve at 
some axial distance to the axial dispersion coefficient. The 
predictions are fairly reliable in the laminar region. In a 
later work Levenspiel and Smith (66) show that a better 
similarity criterion is the dimensionless parameter, tho 
Peclet number. It is pointed out that the obvious and direct 
method of calculating the mean velocity of flow, by injecting 
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a tracer into the fluid stream at one point and measuring its 
maximum downstream concentration at a given downstream point 
may in some cases lead to an appreciable error, even in 
situations where the diffusion type model is applicable. 
Methods are shown for evaluating the longitudinal dispersion 
coefficient from experimental measurements, and conditions for 
applicability of the model are discussed. 
Hull and Kent (.50) used radioactive tracers to mark the 
interfaces and to measure intermixing in pipelines. A 
discussion of the longitudinal mixing of the tracer yields an 
equation for the spread of the tracer. 
Lin, et, al. (68) studied the mass transfer between a 
solid wall and a fluid stream and measured concentrations near 
the wall. They supported a postulated cubic variation of eddy 
diffusivity with position by these types of measurements. 
Lee (64) performed tracer experiments on an underground 
water pipe to measure the volumetric flow rate, linear veloc­
ity, and the longitudinal dispersion coefficient, which was 
assumed to be position independent. Kada and Hanratty (54) 
investigated the effects of solids on the turbulence in a 
fluid by measuring the distribution of a potassium chloride 
tracer in slurry flow in a three-inch pipe. They found that 
there was no large effect on che diffusion rate unless there 
was a high slip velocity between solid and fluid. 
Schlinger and Sage (104) measured the diffusion of 
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natural gas injected coaxially into a horizontal air stream. 
Assuming no variation of diffusivity with radial position, 
they calculated material "balance data and compared this with 
experimental data. Longwell and Weiss (71) studied the mixing 
and distribution of liquids in high velocity air streams. 
Klinkenberg, et al. (57) present a mathematical approach 
to the diffusion from a point source in a fluid moving at 
uniform velocity in a tube. A general equation for non-
isotropic diffusion is derived using LaPlace integrals. It 
was assumed in this study that axial and radial diffusivity 
were not equal, and the individual effects of each were 
discussed. Parameters used for different correlations were 
axial distance, radial distance, Peclet number, and Reynolds 
number. 
Taylor (119) presents an extensive study of the dispersion 
of soluble matter in a solvent in laminar flow in a tube. He 
studied the molecular diffusion of a concentrated solution of 
potassium permanganate diffusing in a water stream, using 
colorimetric recorders. By solving the basic material balance 
equation, Taylor obtained an expression for the longitudinal 
dispersion coefficient in laminar flow. 
In a later work Taylor (118) extended this study to 
turbulent flow. In this analysis he used conductivity measure­
ments to determine the diffusion of a brine solution in a 3/8-
inch pipe. By use of the Reynolds analogy and a mean square 
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velocity deviation expression, Taylor obtained an expression 
for the longitudinal dispersion coefficient in turbulent flow. 
This dispersion coefficient was then used to predict the 
concentration at some downstream position. An estimate of 
the effect of the longitudinal component in turbulent 
diffusion showed that the amount of longitudinal diffusion 
was very small when compared to the radial component. 
Lauwerier (63) solved the diffusion problem of a fluid 
flowing with non-uniform velocity in the x direction of an 
x-y plane. He solved the diffusion equation in an explicit 
form by assuming a constant strength source and applying 
certain boundary conditions. 
Longwell (72) presents a numerical procedure for solving 
turbulent mass transfer problems, and includes a graphical 
solution of turbulent flow diffusion equations. Potter (85) 
derives approximate laminar boundary layer solutions for- mass 
transfer across the plane interface between two co-current 
parallel fluid streams. It is suggested that the boundary 
layer theory provides a more realistic physical picture than 
the stagnant film theory. 
Lynn, et al. (73) studied the mixing of coaxial streams 
of natural gas and air at Reynolds numbers of 44,000 and 
79,000. Measurements of concentrations and velocities were 
made as functions of radial and downstream position. Values 
of eddy diffusivities and eddy viscosities were calculated as 
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functions of position in the central portion of the stream. 
These properties were found to be rather complicated functions 
of the particular flow conditions and channel geometry. 
Tichacek, et al. (122) present a comprehensive study of 
axial mixing in pipes. It was found that the effect of axial 
mixing increases as the flow approaches the laminar range. 
It is stated that even though velocity profiles may indicate 
a laminar range the flow may be intermittently turbulent, and 
it is in this region that axial mixing data are most important. 
A table of the relationship between maximum radial diffusivity 
divided by axial dispersivity and the Reynolds number is 
shown. This ratio is seen to decrease very rapidly as the 
Reynolds number decreases through the intermediate range. 
Hegge Zijnen (4-7) describes the measurements of the 
transfer of mass and heat across a plane turbulent jet of 
air. It was found that the distributions of heat and mass 
were identical. Comparison with theory showed a substantial 
lack of agreement. 
Frandolig (38) studied mass transfer in low velocity gas 
streams. Carbon dioxide was introduced coaxially into an air 
stream at Reynolds numbers of 1695? 4510, and 7605 in a four-
inch pipe. Radial concentration profiles were measured at 
various downstream positions by withdrawing samples in a 
pitot tube sampler and measuring their thermal conductivity. 
Using the semi-numerical technique initially employed by 
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Fabien and Smith (35) and modified by Dorweiler and Fahien 
(30), total diffusivities were computed at various positions, 
It was found that the total diffusivity varied considerably 
with position, indicating that present works were inadequate. 
At the two lower flow rates the diffusivity reached its 
maximum at the tube center with a value several times the 
molecular diffusivity, and decreased toward the wall and 
approached the molecular diffusivity. At the Reynolds number 
of 7*605 the total diffusivity reached its maximum at a radial 
position about 0.60 of the distance from the center to the 
wall. At the low Reynolds number of 1,695 the diffusivity 
noticeably decreased with height. In addition to the semi-
numerical solution an approximate analytical solution of the 
general mass transfer equation was employed to compute 
diffusivity values representative of the overall mass transfer 
process. 
Roley (92) continued Frandolig's work by studying the 
air-carbon dioxide system at Reynolds numbers of 1,500, 5,000, 
and 10,000. Frandolig's results were essentially verified. 
Roley found that at low Reynolds numbers axial diffusion 
could not be neglected. The Peclet number was found to 
increase with the Reynolds number throughout the range 
studied. Turbulent Schmidt numbers were calculated at Wo 
Reynolds numbers, using calculated values for the eddy 
viscosity. 
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Flint, et ale (36) applied Taylor's statistical turbulence 
theory to the point source turbulent diffusion of gases and 
liquids in a pipe. The diffusion of hydrogen and carbon 
dioxide in air over a Reynolds number range from 9,700 to 
87j000 was studied. The diffusion of potassium chloride 
mixing in water at Reynolds numbers of 20,300 and 50?500 was 
also studied. Eddy diffusivities were calculated by assuming 
that the field of turbulence was homogeneous and isotropic. 
The effect of injection velocity was also studied. 
In an earlier work this author (107) studied mass trans­
fer in co-axial liquid streams over a Reynolds number range 
from 1,500 to 10,000. A water solution of fluorescein dye 
was injected from a point source into a water stream. Radial 
concentration profiles were determined at two downstream 
positions by a colorimetric method. Point values of the 
total diffusivity were calculated over the column radius by 
the semi-numerical solution as used by Fahien and Smith (35). 
The variation of the Peclet number with position and with 
Reynolds number was determined. Also the variation of the 
turbulent Schmidt number with position and Reynolds number 
was determined. The point eddy diffusivity was found to vary 
with radial position, reaching its maximum not always at the 
tube center, and to increase with Reynolds number through the 
range studied » The Peclet number variation was found to be 
qualitatively related to the Schmidt number variation, which 
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indicated that the Peclet number is a good measure of the 
intensity and scale of turbulence. It was found that at low 
Reynolds numbers the effect of longitudinal diffusion could 
not. be neglected. 
Several authors have investigated mass transfer from 
solid shapes to a liquid stream. Although not strictly co­
axial stream diffusion, these experiments are mentioned here 
because in many aspects the problems are similar. Linton and 
Sherwood (108) determined overall mass transfer coefficients 
for mass transfer from cast tubes, spheres, cylinders, and 
plates of benzoic acid, napthalene, and cinnamic acid to water 
in streamline and turbulent flow. Steele and Geankoplis 
(114), Steinberger and Treybal (115)» and Garner and Sockling 
(^3) all studied mass transfer from soluble solid spheres to 
water in turbulent flow. Friedlander (41) studied the 
simultaneous heat and mass transfer to single spheres and 
cylinders at low Reynolds numbers. Walker and Vestenberg 
(128) used a point source technique to study molecular 
diffusion in helium-nitrogen and carbon dioxide-nitrogen 
systems at high temperature. Starting with the continuity 
equation and a material balance, they derive an equation for 
estimating the molecular diffusivity of gases. Wilke (130) 
and Arnold (3) present similar methods for liquids. 
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Heat transfer 
Studies on heat transfer in fluid flow often yield 
information which is useful in determining the mechanism of 
the turbulent diffusion process in general, and in turn often 
lead to a greater knowledge of the mass transfer process in 
turbulent flow. It is for this reason that some of the more 
significant and more relevant studies in heat transfer in 
fluid flow are reviewed here. 
McCarter, et al. (77) measured temperature profiles of a 
gas flowing in a vertical eight-inch diameter steel duct to 
determine temperature gradients and eddy diffusivities of heat 
in turbulent flow. They calculated eddy heat diffusivities 
over a Reynolds number range from 7,300 to 25,900, assuming 
the diffusivity constant across the radius. Townsend (126) 
studied the diffusion of heat behind a line source in 
homogeneous turbulence by measuring the temperature fluctua­
tions in a gas stream. 
Singh (112) presents a study of heat transfer- by laminar 
flow in a cylindrical tube. He concludes that the axial heat 
conduction is negligible when the heat transfer Peclet number 
is greater than 100. 
Beckers (8) presents a very complete study of heat 
transfer in turbulent tube flow. By dividing the cross 
section of the tube into three concentric parts (the turbulent 
core, the transition layer, and the laminar sublayer) and 
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writing separate formulae for the velocity and momentum 
diffusivity for each of these three regions, the turbulent 
thermal diffusivities were calculated for each of the three 
regions, using the basic differential equation for fully 
developed turbulent flow. The assumption was made that the 
ratio of turbulent thermal diffusivity and turbulent momentum 
diffusivity was constant. Then general solutions of the 
basic differential equation were written for each region, and 
were made continuous at the boundaries. The heat transfer 
rate and temperature distribution for the case of a homogeneous 
entrance temperature were calculated. 
Corcoran, et al. (21) measured temperature gradients in 
turbulent gas streams, by making velocity and temperature 
traverses. Making use of the von Karman equation and assuming 
that eddy conductivity and eddy viscosity were equal, they 
calculated eddy conductivities at several radial positions. 
Baldwin and Walsh (6) studied the turbulent diffusion of 
heat in the core of fully developed pipe flow of air. They 
measured the velocity profiles downstream from a line source 
of heat. Using the Taylor diffusion model they conclude that 
the turbulence in the core is both homogeneous and isotropic. 
Yagi, et al. (13*0 measured axial temperature gradients 
in beds of glass beads, limestone, and Raschig rings to deter­
mine the effective axial thermal conductivity. It was found 
that the axial conductivity increases more with increase in 
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air flow than the case of radial conductivity. 
Hawthorne (46) measured the effect of radial temperature 
variations on the axial diffusion coefficient. It was found 
that the non-isothermal effective axial diffusivities increased 
or decreased two or three times from the isothermal value. 
Jenkins (53) describes a method of correlating experi­
mental values of the eddy viscosity inside tubes and rectan­
gular channels, and presents a procedure for predicting the 
influence of physical properties on the ratio of eddy conduc­
tivity to eddy viscosity. 
Abbrecht and Churchill (1) studied the thermal entrance 
region in fully developed turbulent flow. Temperature pro­
files and local heat transfer rates were measured at different 
downstream positions in air flowing at Reynolds numbers of 
15,000 and 65,000. The eddy diffusivities for heat and 
momentum were computed and found to be functions only of 
the fluid motion. 
Momentum transfer 
Studies of momentum transfer in fluids yields information 
about eddy viscosities and velocity profiles which are often 
vital to mass transfer studies. Perhaps one of the best 
summaries available on momentum transfer in fluids is 
Corcoran, et al. (19). A shorter summary is presented by 
Sage (99). This work presents recently developed facts 
concerning the transfer of momentum which are of particular 
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use in predicting transfers of mass and energy. 
Sandborn (100) experimentally evaluated certain components 
of the momentum diffusivity tensor in turbulent pipe flow. He 
showed that four of the nine components are zero if the 
velocities are correlated by the LaGrangian correlation 
coefficient. 
The calculation of velocity profiles at various Reynolds 
numbers is often an important part of mass transfer investiga­
tions. The significant work which has been done on velocity 
determination is scattered, and no single satisfactory corre­
lation is available for the entire flow range. 
Perhaps the most complete of several available correla­
tions is presented by Rothfus, et al. (97). This work 
presents a modification of the parameter correlations as 
presented by Rothfus and Monrad (95). The original correla-
+ "t-
tion using the parameters u and y' is illustrated in Chapter 
6 of McAdams (75). Deissler (27) has corrected the 
correlation for wall effects. This correlation is applicable 
for flow in tubes or past plates for Reynolds numbers above 
3,000. 
Rothfus, et al. (9*0 calculated profiles of eddy 
viscosity and Prandtl mixing length in fluids flowing steadily 
and isothermally in smooth tubes using velocity data from 
several investigators over a Reynolds number range from 1,200 
to 3,200,000. Besides expanding on the basic knowledge of 
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turbulence, this reference provided a good source of velocity 
data® 
Hanratty and Flint (44) derive an equivalent Poiseulles 
law for a homogeneous isotropic turbulent fluid. A new 
approach to velocity calculations in both the laminar and 
turbulent ranges is presented in Bird, et al. (11). Data as 
presented by Schwartz and Smith (105), Pai (83), Roley (92), 
Martinelli (74), and Tichacek, et al. (122) were also very 
useful for determining satisfactory velocity profiles. 
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EQUIPMENT AND PROCEDURE 
Apparatus 
The apparatus used in this investigation consisted of a 
water metering and calming section, a dye metering and injec­
tion system, and an analysis or test section. The main 
column was constructed of a 20-foot section of 4-inch copper 
tubing, which served as a calming section, and various lengths 
of 4-inch lucite tubing connected to the copper section, which 
served as test sections. Figure 1 is a schematic diagram of 
the system. 
Water from the building supply line was used as the bulk 
liquid. Concentrated water solutions of fluorescein disodium 
salt were used for the solute or diffusing liquid. The dye 
injection and metering system consisted of a 4-liter pressured 
storage tank, a nitrogen cylinder with appropriate regulators 
to provide a constant pressure source, a needle valve and 
rotameter to control and measure the dye flow, and a motor 
controlled on-off valve to provide various input conditions. 
A pressure of 25 psig was used in the dye storage tank. 
The dye entered the column through a 2.5 mm i.d. glass 
injection tube which passed through the column wall at a 
point 42 inches below the start of the test section and ran 
upward as shown in Figure 2. The injection tube was held in 
place at the lower end by its horizontal leg and at its upper 
end by a piece of nylon thread across the tube diameter. The 
Figure 1. Schematic diagram of apparatus 
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dye line was provided with a 3-way stopcock and a "by-pass 
line for purposes of calibration, drainage, and for use in the 
transient experiments. 
The dye was injected at a velocity which corresponded to 
the velocity of the water stream at the tube center. These 
velocities could be matched by calculation or by a visual 
method. Variations of 20 per cent in the injection velocity 
did not significantly affect the experimental results. The 
flow rates involved ranged from 4.09 to 11.52 gallons per 
minute for the water stream and from 16.7 to 44.2 mis per 
minute for the dye stream. 
In order to measure point values of concentration in the 
test section, liquid samples were removed by means of an 
adjustable pitot tube probe, as shown in Figure 2. This 
probe was constructed of 1/4-inch copper tubing. Originally, 
3 ml glass pipette tips were used as probe tips, to prevent 
upstream eddying around the tips and subsequent artificial 
mixing. Visual tests showed however, that a flat ended probe 
did not disturb the upstream concentration patterns, while it 
offered the advantage that a larger sample could be withdrawn 
in a shorter time than with a narrow tipped probe. 
An effluent tap on the overhead drain leg provided 
samples of the average stream concentration. 
The concentration of the withdrawn samples was determined 
with a Bausch and Lomb Spectronic 20 spectrophotometer 
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operating at a wave length of 5100 Angstroms. At this wave­
length the instrument has a range of 0.75 to 97.5 ppm of dye 
in water. 
Steady State Sampling 
Steady-state concentration profiles were necessary for 
the calculation procedures employed in this work. These 
profiles were required at three heights for three Reynolds 
numbers. Some concentration data from a previous work were 
also used (107). The sampling procedure will be described. 
The water was turned on and the proper flow rate set by 
means of a system of globe valves and Brooks rotameters. A 
period of about 30 minutes was usually required for the water-
temperature to reach a constant. During most of the runs the 
final water temperature remained constant at 52°F. The dye 
stream was then turned on and the proper flow rate set. The 
sampling probe was positioned. The position of the probe was 
accurately determined by measuring the calibrated exposed 
section of the probe with a scale, as shown in Figure 2. The 
three-way stopcock on the pitot tube was then opened and the 
sample was withdrawn from the column and collected. At each 
radial position 500 mis of sample were collected. The stop­
cock was then closed, the probe moved to a new position, and 
the procedure repeated. Samples were obtained every 0.25 
inches across the diameter, from wall to wall. The probe was 
constructed so that samples could be obtained at positions 
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limited only by the thickness of the tube wall. The sampling 
velocity could be controlled by the valve in the sampling line. 
The velocity was controlled so that no instream disturbance 
was caused upstream from the sampling point. The 500 ml 
sample collected represented a time period of one to three 
minutes, depending on the Reynolds number. The average 
concentration of the stream was determined by collecting a 
sample from the overhead drain leg. Since this value was 
also known by calculation, these two determinations provided 
a check on the analysis. Usually less than one per cent 
disagreement occurred in these two values. 
This procedure provided steady-state concentration 
profiles reproducible to within two per cent. The concentra­
tion was used in the form of C* = C/C^, where C& is the 
average concentration. The steady state concentration is 
designated C^. Values of are shown in Table 1 of the 
Appendix. 
Test sections of different lengths were used to obtain 
data for different axial distances (z). 
Transient Sampling 
Also required in the solution procedure were data 
representing the variation of C* with radial position, axial 
position, and time. Some kind of transient condition must be 
imposed on the column in order to obtain time variations of 
C* on an averaged basis. Since turbulent diffusion is really 
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an unsteady or random process, there are certain small time 
variations of C* even during so-called steady state condi­
tions. Measuring instruments with very small response times 
are usually needed to accurately determine this type of 
variations. What was required for the proposed solution 
procedure was the type of variation which would be caused by 
a change in input. If some type of transient input, such as 
a pulse or on-off function was imposed, the response could be 
measured at various downstream positions as a function of 
time. There would be some time variation caused by the 
randomness of the diffusion, but if the procedure is repeated 
a large number of times, the time variation caused by the 
input change should be reproducible, provided that this 
variation is larger or more significant than the small scale 
random variations. 
Several types of inputs were investigated. Two that 
proved to be the most useable were the continual pulse input 
and the simple on-off step input. These type inputs are used 
commonly in chemical engineering research (49, 67, 102). 
The continual pulse input was produced by a motor 
controlled stopcock in the dye line. A pulse frequency of 
O.O83 min"^- was employed (12 pulses per minute ). Because it 
was very difficult to minimize the artificial disturbances 
around the injection point, this type of input did not prove 
too satisfactory. 
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The off-on single step input did prove satisfactory and 
was ultimately employed for the majority of the experimenta­
tion. This type input was produced by setting the dye flow 
rate to the desired value and diverting the stream by means of 
the three-way stopcock located just prior to the injection 
tube, as shown in Figure 2. An adjustable pinch clamp on the 
bypass leg served as a head simulator. This clamp was 
adjusted so that the dye met the same effective resistance 
passing through the bypass leg as it did entering the column 
through the injection tube. A stopwatch divided into 0.1 
second intervals was used. The pitot sampling tube was 
positioned and turned on so that water was passing through to 
the steady state collector. Then the dye stopcock was opened 
to introduce dye into the column and the stopwatch was 
started. After a short time interval to allow the dye to 
reach the region near the sampling tube = the 3-way valve on 
the pitot-tube sampler was switched to allow the sample stream 
to pass into the transient sampling collector, as shown in 
Figure 2. This device consisted of 10 pre-calibrated 10 ml 
test tubes. Since the flow rate through the sampling probe 
could be determined by previous measurement at that position, 
the amount of sample which would represent a given time incre­
ment could be determined, and samples of this amount collected 
successively in each test tube of the sampling device. If the 
time at the start of the first sample was known, these ten 
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samples would provide a measure of the response. The time at 
the start of the first sample (t^) was selected so that the 
first one or two test tubes contained clear water. The 
increment time was selected so that the entire transient 
range would be covered by the 10 samples. This incremental 
time varied from 1.5 seconds at a Reynolds number of 3,000 to 
0.65 seconds at a Reynolds number of 7,500. t^ depended on 
the height as well as the Reynolds number, ranging from 18 
seconds at Njyg = 3,000, z = 36 inches, to 4 seconds at = 
7,500, z = 24 inches. It was necessary to take into account 
the holdup time in the sampling probe itself in order to 
correctly interpret the transient data. 
The concentration of the samples in the transient 
collector could then be determined as before. However, in 
order to accurately produce a smooth response curve, it was 
necessary to repeat this entire procedure a large number of 
times at any given radial position. It was found that ten 
replications were sufficient to satisfactorily determine the 
transient curve at any radial position and height. Data were 
then obtained in this manner for eight radial positions at 
three different heights for three Reynolds numbers. This would 
necessitate 7200 colorimetric determinations (i.e., ten 
replications of ten samples at each r, z and Reynolds number). 
However, this number could be reduced by a factor of ten by 
averaging the replications before analysis. This was 
Ifl 
accomplished by mixing the appropriate samples before 
analysis. 
The results of these determinations will be discussed 
in a later section. 
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EXPERIMENTAL DATA 
Response Curves 
The averaged transient data for three Reynolds numbers 
of three different heights are shown in Figures 3 through 11. 
These curves were obtained by plotting the results of the 
transient sampling analyses as described previously. Each 
curve represents the average of ten or more separate 
determinations at that radial position and height. The time 
scale represents the time elapsed since the first entrance of 
the dye into the bulk stream (t = 0, z = 0). The response 
curves first appear at a time t^, which varies of course with 
height and velocity. This time, t^, was determined by 
correcting the measured value obtained from the timed 
transient sampling for hold-up time in the sampling probe. 
The time scale on the response curve plots should not be 
confused with diffusion time or age, which is merely axial 
distance divided by velocity, and does not vary with experi­
ment time in a transient experiment. 
The steady state data are tabulated in Table 1 of the 
Appendix. 
In the region of the tube where satisfactory transient 
profiles could be obtained, there was very little dye near 
the wall. This condition somewhat limited the range of the 
transient data. 
Figure 3» Transient concentration data, = 3,000, z = 24 inches 
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Figure 5. Transient concentration data, = 3,000, z = 36 inches 
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Figure 6. Transient concentration data, N E^ = 5,000, z = 2b inches 
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Figure 8. Transient concentration data, = 5,000, z = 36 inches 
3.0 
~~i 1 r 
Nre=5000 
Z=36 
i r 
6'=0.000 
0 = O?RA 
o o 0=0.516 
0=0.645 
0=0.774 
I 
14 15 16 17 18 19 20 21 
TIME AFTER INJECTION (SEC.) 
0=0^04 
22 
* 
Figure 9. Transient concentration data, = 7,500, z = 24 inches 
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Figure 10. Transient concentration data, NRE = 7,500, z = 30 inches 
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Figure 11. Transient concentration data, %E = 7,500, z = 36 inches 
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Normalized Data 
Figure 12 provides a means of comparing the effects of 
radial position and axial distance on the transient curves. 
For a Reynolds number of 3,000, the transient data of Figures 
3, 4- and 5 have "been normalized by dividing each data point 
by the corresponding steady state value. This type of normal­
ized curve is commonly found in the literature. From Figure 
12 it can be seen that the response curves are delayed an 
appreciable amount at radial positions away from the center. 
A certain delay would be expected because of velocity differ­
ences. The joint action of radial and axial diffusion 
however would also affect the delay time. 
Figure 12. Normalized transient concentration data, Npg = 3,000 
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CALCULATION PROCEDURES 
Mathematical Analysis 
Consider an arbitrary element of volume V in a fluid 
stream. The element is bounded by an area of surface S. A 
material balance may be made on this element for a species i. 
Cj_ = moles/unit volume of species i 
= diffusion flux of species i out of the volume 
V moles/area * time 
n = unit vector normal to a surface element dS 
The integral on the left may be evaluated using 
Leibnitz's rule» 
where u is the velocity of the changing surface 
of the element. 
The surface integrals in (1) and (2) may be transformed 
to volume integrals by use of the Gauss divergence theorem. 
(1) 
Cj_ u • n dS (2 )  
(3) 
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Making these substitutions, Equation 1 becomes 
I -l^4T+ Jv V-ciaav = .^ ViidV (4) 
Taking the limit as dV approaches zero, 
• + V * G ,u — — V 6 
o C. 
TT 
(5) 
In a two component system, the equation may be written 
for the solute and the i subscript dropped. 
+ V e C U = - V * J 
o u 
(6)  
For steady, incompressible flow, V * u = 0. Then (6) 
becomes 
-y| + u'VC = -V£ (7) 
The total rate of solute transferred by the combined 
processes of molecular diffusion and eddy or turbulent 
diffusion may be mathematically expressed by 
J = -(Dg + |t) • V C = -E e V C (8) 
where D 
I 
I = 
it 
molecular diffusivity, area/time 
unit second order tensor 
10 0 
0 10 
0 0 1 
eddy diffusivity tensor, in cylindrical 
coordinates (r, z, 0) 
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Etrr Etr0 Etrz 
Bt0r Et00 Et0z (9) 
Etzr Etz0 Etzz 
E = total diffusivity tensor 
Err Er0 Erz Err = Etrr + D 
E = E0r E00 E0z E00 
- 
Et00 + D (10) 
Ezr Ez0 Esz Ezz = Etzz + D 
At this point it should be noted that Equation 8 is 
actually a definition of E, which is really an empirical 
coefficient. Equation 8 assumes that the processes of 
molecular and eddy diffusion occur in parallel. There are 
other ways to describe the mass transfer process. This 
description is actually analogous to the description commonly 
used for momentum flux expression. The use of a tensor for 
the total diffusivity provides the advantage that if the 
components are known in any coordinate system, they may be 
obtained in another coordinate system by a simple transforma­
tion. 
For the purposes of this work, the non-diagonal elements 
of the tensors in Equations 9 and 10 have been assumed to be 
zero. Sandborn (100) has shown that four non-diagonal ele­
ments of the corresponding eddy viscosity tensor are zero, 
namely the 0z, 0r, r0, and z0 terms, for high Reynolds numbers 
where the velocity fluctuations are correlated by the 
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LaGrangian coefficient. 
The following assumptions are also made. 
1. All the tangential terms (terms involving 0) in the 
expanded form on Equation 7 may he neglected because of radial 
symmetry. Microscopically, this is not necessarily true, but 
on a macroscopic time average basis it is a valid assumption. 
2. The flow is steady and incompressible ( V • u = 0)e 
3• The diffusivities Err and Ezz, which are now denoted 
by Er and Ez, are not functions of time or axial distance z. 
They are functions of radial distance r. The assumptions 
implicit here are that the diffusion ages are large enough so 
that the diffusivities are not time dependent, and that the 
system is homogeneous in z, as far as turbulent diffusion is 
concerned. 
Equation 1 may now be written as 
+ 11 = r -ê (r 5 + Ez TP U1) 
At this point it is useful to define the following terms, 
which are often used in the literature interchangeably. 
1. Radial diffusion - the diffusion of mass across a 
concentration gradient in the radial direction, represented 
by the first term in (11). 
2. Longitudinal or axial diffusion - the diffusion of 
mass across a concentration gradient in the axial direction, 
represented by the second term in (11). 
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3. Longitudinal or axial transport - the physical 
transport of mass by the motion of the bulk stream in the 
axial direction, represented by the third term in (11). 
4. Longitudinal or axial dispersion - actually a 
combination of 1 and 3 considered together. The coefficient 
of axial dispersion has been investigated by many authors as 
described previously. It may be defined by the equation 
Ba "§f§ = + "H (12) 
where Ea is the coefficient of axial dispersion. Equation 12 
may be derived by writing a material balance around a 
cylindrical element of the fluid stream, assuming that the 
combination of radial diffusion and axial transport can be 
represented by the effective mixing coefficient Ea. 
It is sometimes convenient to put Equation 5 into 
dimenzionless form by making substitutions of the following 
type. 
u* = u/V V = average velocity 
j7 ' = z/r0 r0 = tube radius 
0 = r/rQ (13) 
t* = tV/rQ 
C* = C/C^  Ca = average concentration 
Pe' = V£o 
D 
Ep * — Ep/D 
Eg* — Eg/D 
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Then Equation 5 may be rewritten as 
pe, (_|£* + u* _|£., . i [v e _|c* 
>2c* (14) 
+ Eg* 
3?'2 
In this work, it was convenient to write the equation 
partly in dimensionless form, so that the calculated 
diffusivities could be easily compared with other results. 
The equation was written as 
-If +u -!? • # J+ (l5) 
Many authors have solved Equation 15 by making various 
restricting assumptions. At steady state and neglecting the 
effect of axial diffusion, the equation becomes 
u 4? = fA" [Er® 4ir] (16) 
o 
The boundary conditions which may be imposed for the case 
of a point source in a circular tube are 
I. ' = 0 at 6=0 (Symmetry) 
II. = 0 at 0=1 (No wall mass transfer) 
III. C* = 1 at z =CD (17) 
IV. C* = Cf* at 0 S Q < q 
C* = 0 q < e S 1 
where Cf* = the feed dye concentration and 
q = injection tube radius/ro 
70 
For the case where u and Er are considered constants 
with ©5 Equation 16 may be easily solved by the method of 
separation of variables, as has been shown by Bernard and 
Wilhelm (9) among others. A Bessel function in Q and an 
exponential function in z result. The assumptions of constant 
velocity and diffusivity are very restricting, and, as 
previous work by this author (107) has shown, are quite 
inaccurate. 
Fabien and Smith (35) were the first to solve Equation 16 
allowing both the velocity and radial diffusivity to vary with 
radial position. The differential equation was replaced with 
a set of homogeneous linear difference equations which led to 
a semi-numerical series solution for Er as a function of 
concentration, position and velocity. In a previous work by 
this author (107) this solution technique was employed to 
calculate radial diffusivities in a system similar to the 
system in this work. At low Reynolds numbers the results 
were inconsistent. This led to the consideration of the 
axial diffusion term and hence to the problem of solving 
Equation 15. 
Without making further restricting assumptions, the 
solution of Equation 15 is difficult. The method of 
separation of variables cannot be used, since the variables 
cannot be separated. A solution was desired which would 
enable the calculation of both Er and Ez as functions of 
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position cixd Reynolds number, using experimental concentration 
and velocity data. The unsteady state term provides another 
independent variable to facilitate the solution. 
Since the probability of finding an analytical solution 
to Equation 15 is small, it was decided to use alternate 
methods to calculate the diffusivities. Two methods will be 
described. 
Graphical Derivative Evaluation 
Using this method, cross plots of Figures 3-11 were made 
to determine the variation of concentration with radial 
position at specific heights and times and the variation of 
concentration with axial position at specific radial positions 
and times. From these cross plots, values of the appropriate 
derivatives in Equation 15 could be obtained by graphical 
methods. This solution procedure required sets of derivatives 
at two values of time. Since the diffusivities Er and Ez do 
not change with time, the resulting pair of simultaneous 
ordinary differential equations could be solved for Er and 
Ez as follows. 
For a particular position, 6^ , z^ , write Equation 15 at 
two times, t% and tg. For convenience, tg is selected as 
T = GO (steady state)» For brevity, let 
Bi = u at tD ®i> 2i 
Di =  6  a t  ti» ®i> zi 
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F1 >z2 at ^ 1» L^J Z1 
= n £ *2» Z1 
D2 = 6 ^q* at *2? ®L> 21 
F2 = at t2, ©j_, Z1 
(18) 
At tj, Equation 15 may now "be written 
(™^ §t) + B1 =  ^-W" [ ErDl] + EZF1 (19) 
2 36 = l/rQ for a 4-inch pipe. At t = t2 (steady state), 
B2 =  ^"À [ErD2l + EzF2 (20) 
Solving (19) for Ez 
sz (0) = (ErD2) (21) 
Substituting (21) into (20), rearranging, and integrating over 
the radius 
f + Bl " ^ 2]®d6 = f seaciyy - (22) 
6 F-, 
36 ^  d (ErD2) 
'0 
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["TE + B1 - Sr ] 656 = 36 ErDx e 
(23) 
f d (ErD2) 
/•e 
If we represent the integration procedure / d© by 
Jo 
the sum of 
K 
the finite differences ZA© by dividing the radius into a 
0 
number of increments designated by K = 0, 1, 2, 3 •••» 
(23) becomes 
I + BlK - Sg Bac] %A8 = 36 BrDl 
K+l/2 
K F1K 
 ^0 FÊ ^ (^ 2^ , A (E^  ^= E^ Dg F2K K+l/2 
(24-) 
ErD2 
K-l/2 
The solution for Ez(©) can be obtained from (21) by a similar 
procedure. Rearranging and integrating, 
F2Ez©d© = B2©d© - 36 d(ErD2) 
f6 f9 f° / F2Ez©d© = / B2©d© -36/ d(ErD2) 
•'n v o 0 
(2?) 
(26) 
F2KE2K°KAe - £ B2K©£A© - 36 (ErD2) K+l/2 (27) 
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Normally a trial and error procedure would be required 
to solve Equations 18 and 21 for Er and Ez. It was found 
however that a special equation at the tube center could be 
used to calculate Er and Ez. Then these center values could 
be used as starting points in (2*+) and (27) and the trial and 
error procedure is avoided. At the tube center (15) 
simplifies to 
Two conditions in time will produce two simultaneous 
equations with Er and Ez as unknowns. These can be solved 
to produce the center values. 
The methods of obtaining the necessary derivatives for 
this calculation procedure may be briefly outlined. The 
following derivatives were required. 
, >C* 
-L ° j ^ at t^ j t g 0 4 © < 1 z — Zg 
2. at t]_, t2 0 < 9 < 1 z = z2 
•o j22 at t]_, t2 0 4 © < 1 z = %2 
4. at tj, t2 0 4. © < 1 z = z2 
cr 32c* 
5 • à ©2 s.t t^ _, tg © — 0 z — Z2 
1. Values of —^  were obtained by graphically measuring 
the slope of the C* vs. t curves in Figures 3 through 11. 
2. To determine z derivatives, cross plots on semi-log 
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paper of In (C* + A) vs. z were made. From considerations to 
be mentioned later, we know that C* is some sort of a negative 
exponential in z. For the steady state data, Figure 13 shows 
this variation. By measuring these straight line slopes, 
3%* 
and —r—5 values could be obtained from the relation 
0 z^  
C* = A'(8)e~P(0)z (29)  
where A'(0) and §(@) are the zero intercept and slope 
5 C* 
respectively obtained from a plot like Figure 13. Then £z 
>2ç* 
and —T-—Z could be obtained from 
oz^  
_|si = -P(G)C* = P2(0)C* (30) 
oz o z^ 
Figure 14 is a similar plot of some transient data. In 
this plot the concentration is plotted as C* + 1. The 
transient z derivatives were obtained from plots of this type, 
"à f1 * 4. The —g-g derivatives were obtained by graphical 
differentiation of curves as in Figure 15, which is a cross 
plot of Figure 3° 
5. Values of were required at the tube center 
(9 =0). Graphical determination of this derivative from 
C^* plots of —y-Q is one way. A somewhat better method will be 
described. 
Near the tube center, the concentration profile resembles 
the function 
- cos §]_G (31) 
Figure 13. Variation of steady state concentration with 
axial distance, = 3,000 
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Figure 14. Variation of transient concentration with axial 
distance, = 3,000, t = 19 seconds 
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Figure 15. Variation of concentration with radial 
position, Ngg = 3$000, z = 36 inches 
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where {3 depends on z and t. If this type of function can be 
fit to the data the second derivatives could be computed 
accurately. 
Taylor's formula for a function is 
f(x) = f(a) + * f"W(x-a)2 + 
-L • c. '• 
? m (32) 
f"'(a)(x-a)3 + + fn(a)(x-a)n 
31 ni 
For this case, x = ©, a = 0, f(x) = f(0) = cos p© = ^  then 
and 
(0) = -pf (from (3D) (3V)  
The value of Pj vas determined by fitting Equation 33 to 
the concentration data. 
The complete calculation procedure for the diffusivities 
using this method is summarized in detail in the Appendix. 
The disadvantages of this method are 
1. The graphical derivatives are not known too 
accurately* 
2. Only a small portion of the experimental data could 
be used. 
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Transformation Procedure 
In the previous section it was mentioned that a better 
method for calculating the diffusivities was desirable. Such 
a method should make optimum use of the available experimental 
data and should employ a minimum amount of graphical differen­
tiation and approximation. 
This solution method which will be described appears to 
meet these requirements. The diffusivities calculated by this 
method compare favorably with the values calculated by the 
earlier method. 
The procedure may be described as follows. 
Consider the material balance equation 
(3?) 
where z' = z - zQ, zQ > 0 
Define the following LaPlace transforms. 
JCO C*(Q,z',t)e~stdt (36) 
0 
•" * pfi0 g 
G = Lapz ( c ^  =  J  C (0}z')e"pZ dz« (37) 
Wz = r C*, (6,z')e-P2'dz' (38) 
s > 0, p > 0 
Transforming Equation 35 successively with (36) and (37), 
we obtain 
&+ 
se +u[pc - c(0)l = ir & [oEr 
Ez[p^  - pC(O) - 4iT (0)] 
(39) 
Transforming the steady state part of Equation 35 with 
(38), 
jpC - C*(0)j 
(4o) 
Everything in these two independent relations except Ep 
and Ez can be found from the experimental data. The choice 
of the parameters s and p will influence to some degree the 
accuracy of the calculation. This is discussed in a later 
section. 
With © fixed, (39) and (4-0) become simultaneous ordinary 
differential equations which may be solved by a process of 
numerical integration exactly as the simultaneous expressions 
resulting from the procedure described previously were solved. 
The actual procedure for a given Reynolds number is as 
follows• 
1. Obtain C(G, z') by graphical integration, using all 
of the experimental transient data. Eight integrations (one 
for each radial position chosen) at each height are required. 
Figure 16 is a sample of the C(0, z1) results. 
2. Obtain C(0) by similar integrations at each radial 
I 
Figure 16. Variation of time transformed concentration with z', = 3,000; 
s = 0.10 
o 
9 =0.774 
1_ 
lp£=3000 
S=0.I0 
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position. Figures 17 and 18 show the variation of G with 
radial position for two different sets of parameters. 
3. Obtain Co©(S) by integration using the steady state 
data. Results of this calculation are also shown in Figures 
17 and 18. The values used in these figures are found in 
Table 3 of the Appendix, 
4-. Obtain C (6, z' = 0) and C% (0, z1 = 0) directly. 
5. Obtain • \ CT (©, z1 = 0) and - (0, z1 = 0) by à Z o 2 
graphical differentiation. Figure 16 is used to obtain 
z^-t ( G, z' =0). Figure 19 is a plot of the steady state 
data used to obtain C ^  ( ©).  ^dz^ " ^  z' = may be 
obtained from this plot. 
Notice that in both cases the graphical derivatives are 
evaluated at straight line portions of the curves. The choice 
of zQ produced this. 
6. Obtain © ^  and © from the plots like Figures 
17 and 18 by graphical differentiation. 
7. Write Equations 39 and 4-0 in the form 
A]_(@) = I fg (Er Bx (©)) + Di (©) Eg (4-1) 
A2( 6) = è fë (Er b2 ( 0) ) + D2 ( 0) Ez (42) 
and solve for Er( Ô) and Ez( ©) by the methods previously 
described. A sample calculation is illustrated in Table 13 
of the Appendix. 
Figure 17. Transformed concentration data, s = 0.1, p = 1.0 
a. transient data 
t>. steady state data 
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Figure 18. Transformed concentration data, s = 0.05, p = 0.50 
a. transient data 
b. steady state data 
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DISCUSSION OF RESULTS 
Diffusivity Results 
Values of the total mass diffusivities were calculated as 
functions of radial position "by each of the two methods pre­
viously described. The results are presented in Table 4- of 
the Appendix, and in Figures 20, 21, and 22. 
The choice of parameters used in the transformation 
procedure indirectly affects the calculated values of the 
diffusivities. Figure 20 shows this effect. The smaller 
values of s and p emphasize the data in the later part of the 
transient period and at the higher z values, whereas the 
larger values of s and p emphasize the earlier and lower data. 
Figure 20 shows that a Reynolds number of 5,000 the two 
parameter sets of s = 0.1, p = 1.0, and s = 0.05, p = 0.50 
produce results which deviate the least from the mean of the 
four different determinations. These two parameter sets were 
therefore chosen as the optimum. 
Figures 21 and 22 show the mean of the results of the 
graphical derivative procedure and the transformation proce­
dures with each parameter set. The average deviation of the 
calculated diffusivities from the mean value was 6.4- per cent 
for the radial diffusivities and 6.2 per cent for the axial 
diffusivities. 
An analysis of the possible errors involved in calculating 
the diffusivities was carried out. Because the calculation 
Figure 20. Effect of transformation parameters on the 
diffusivity calculation 
a. radial diffusivity 
"b. axial diffusivity 
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Figure 21. Variation of radial diffusivity with radial 
position 
Figure 22. Variation of axial diffusivity with radial 
position 
98 
o.io 
0.08u 
0.06 
7500 
UJ 0.04 5000 
0.02 
3000 
0.00, 0.0 0.2 0.4 0.6 0.8 
35, 
30 
z 20 7500 
.5000 
LU 
3000 
0.0 0.2 0.4 0.6 0.8 
99 
procedure was quite complex, it was difficult to estimate the 
accuracy of the final results. The analysis did indicate that 
the accuracy was probably within the precision. 
The analysis was carried out by considering the errors 
involved in the three main parts of the procedure. 
1. Collecting of the experimental data. 
2. Derivative evaluation or transformation. 
3. Numerical integration of the simultaneous 
differential equations. 
The steady state experimental data were reproducible to 
within two per cent. The transient data were reproducible to 
five per cent during the transient period. 
It was felt that the transformation procedure produced 
much more accurate simultaneous equations than the derivative 
evaluation procedure. The transformation procedure used 
essentially numerical integration. Depending on the increment 
size and choice of parameters, the transformed concentration 
data were at least as accurate as the experimental data. 
The numerical integration procedure for solving the 
simultaneous equations probably contained the greatest sources 
of error. The analysis of this step had to be based more on 
a reproducibility approach, since the procedure was rather 
complex. 
By introducing arbitrary changes in the experimental data, 
attempts were made to test the corresponding change in the 
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calculated diffusivities. This procedure did not yield much 
additional information since it was virtually impossible to 
introduce changes in the data without causing intrinsic 
inconsistencies in the data when taken as a whole. 
As mentioned previously, the analysis seemed to indicate 
that the errors involved in the calculation and measurement 
procedures would produce inaccuracies of 10 per cent or less, 
and probably within the range of the precision of the results, 
which was about 6 per cent. 
As in previous work (107) it is seen that the total radial 
mass diffusivity varies considerably with radial position, and 
decreases with Reynolds number. The maximum value does not 
occur at the center of the tube. The total axial mass 
diffusivity also varies with position, and seems to be 
negligible beyond Q = 0.60. The calculated radial diffu­
sivities are higher than those determined in an earlier work 
(107). A careful analysis will show that the result of 
considering axial diffusion should be an increase in the 
calculated radial diffusivities, instead of a decrease as 
thought previously. This point is discussed in detail in 
the Appendix. 
Molecular diffusivities of liquids are on the order of 
10"? sq ft/min. An estimation of the molecular diffusivity 
of fluorescein dye in water was made by two methods in a 
previous work (107). Using correlations presented by Wilke 
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(130) and by Sherwood and Pigford (109), the diffusivity was 
estimated as 2.8 X 10""? sq ft/min. Since the calculated total 
diffusivities are about one hundred thousand times larger than 
this, it can be assumed that the turbulent diffusivity and the 
total diffusivity for liquids in turbulent flow are for all 
practical purposes equal. 
The values of point velocity used in calculating the 
diffusivities are presented in Table 2 of the Appendix. These 
values were calculated using a correlation as presented by 
Rothfus, et al. (97)• The agreement of this correlation with 
the results of several investigators (74-, 92, 105, 122) was 
excellent. Roley (92) measured point velocities in an 
injector tube system similar to the one used in this work and 
found that the velocity distribution agreed substantially 
with this correlation. 
The diffusivity curves in Figures 21 and 22 may be 
correlated by an expression which accounts qualitatively for 
three effects. This type of approach helps to explain the 
chape of the diffusivity curves. Three effects upon which 
the diffusivity might depend are the local velocity, the local 
velocity gradient, and the distance from the wall. In 
symbolic form, 
2 = (0i + 0g) 0% (43) 
01 = a velocity effect, 0^  = Kj(l - G^ ) (44) 
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02 = a gradient effect, = %2® 
0^  = a wall effect, 0^  = (1 - ©)3 
(4?) 
(46) 
The effects of these factors on the diffusivities may "be 
explained as follows. 
The diffusivity might tend to increase with increasing 
velocity. For simplicity one can use an expression which is 
The diffusivity might tend to increase with velocity 
gradient. We can assume that the gradient is roughly linear 
in 0. This is consistent with (44), and explains why the 
diffusivity could increase with Q in certain regions. 
Both Deissler (27) and Lin, et al. (68) have indicated 
that in regions near the wall an interaction exists between 
viscous and turbulent effects. This interaction is expressed 
by Lin, et al. in the assumption that the eddy diffusivity 
varies as the cube of the distance from the wall. Hence the 
factor 0^  is introduced to account for this variation. 
The constants in Equation 4-3 may be determined by a 
simple calculation. The best values for the constants are 
presented in Table 5 of the Appendix. The constants are 
found to vary linearly with a translated Reynolds number 
which is obtained by 
symmetrical in such as Equation 44. 
Nre - Nre - 2100 (47) 
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To represent the axial diffusivities it is necessary to 
use 0d = (1 - ©)5, since the wall seems to have a more pro­
found effect on Ez. The resulting equations for the 
diffusivities are 
Er = 11.16 (1-62) + 9.6©] (1-0)3 (48) 
E z = ï o 3 ~ [ 5 * 6  Cl-e2) +  4 0 © ]  (l- © ) 5  ( 4 9 )  
These expressions represent the curves of Figures 21 and 
22 to within 5 per cent. 
Eddy Viscosities 
It is of interest to compare the calculated eddy mass 
diffusivities with the corresponding eddy momentum diffusivi­
ties, or eddy kinematic viscosities, as defined by the 
equation 
2/f = - E tot : £^ 7u + (vu)+] (50) 
 ^= shear stress tensor 
6 tot = total viscosity tensor 
In tube flow, the rz component is important 
?rz/f = - 6tot =-[-^  + €t] (51) 
= eddy momentum diffusivity 
Values of the momentum diffusivity were obtained for 
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certain radial positions from data presented by Rothfus, 
et al. (94). Since Rothfus' results vere not valid at radial 
positions near the center, the viscosities near the tube 
center were calculated by fitting third degree polynomials in 
£ to the velocity profiles and computing momentum duffisivi-
ties directly from Equation 51. This procedure is illustrated 
in Table 6 of the Appendix. 
Figure 23 shows the variation of the momentum diffusivity 
with radial position. The values for 0 > 0.25 vere calculated 
as described above, the remainder from the Rothfus data. It 
is interesting to compare Figure 23 with Figure 21. There is 
a distinct qualitative similarity in the variation with radial 
position. This would lead one to the conclusion that the two 
transport processes are somewhat analogous in tube flow. A 
more thorough investigation of this point will follow. 
Figures 24 and 25 show the variation of the average 
radial mass diffusivity and the nyfir>«g2 momentum diffusivity 
with Reynolds number. In both cases the relationship is 
approximately linear, which would imply that the diffusivity 
is proportional to the velocity. Also, in both cases, the 
curves extrapolate to the molecular value at a Reynolds 
number of about 2100, the classical break point between 
laminar and turbulent flow. 
Figure 23. Variation of momentum diffusivity with radial 
position 
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Peclet and Schmidt Numbers 
Two quantities which are often useful in describing 
transport phenomena characteristics are the mass transfer 
Peclet number and the turbulent Schmidt number. The mass 
transfer Peclet number is defined quantitatively as 
nPE = Êlal (52) 
E 
where E =J EQdO/S 6d© (53) 
0 0 
It may qualitatively be thought of as the ratio of 
momentum or intertial effects to the eddy mass diffusivity, 
or alternately as a measure of mass transfer resistance (1/E) 
per unit momentum resistance (l/2r0V). Further discussion of 
this is found in an earlier work (107). The numerator is the 
same in the Reynolds number. Figure 26 shows the variation 
of the average radial Peclet number with Reynolds number. 
Since during the range studied, the diffusivity increases 
faster than the velocity, the Peclet number decreases with 
Reynolds number. The Prandtl theory would predict that the 
Peclet number would be constant (the diffusivity would be 
proportional to the velocity). 
The turbulent Schmidt number is defined 
NSCt = (51*-) 
It is the ratio of eddy momentum diffusivity to eddy mass 
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diffusivity. It is therefore comparable to the Peclet numbers 
although it is expressed differently. Various investigators 
have assumed this ratio to be 1.0, implying that the 
diffusivities are equal. Figure 27 shows the variation of 
the average turbulent Schmidt number with Reynolds number. 
The average Schmidt number was determined using the average 
diffusivities. It appears that in the system studied the 
average turbulent Schmidt number is less than 1.0, implying 
that the mass diffusivity is larger than the eddy momentum 
diffusivity. 
The strong similarity between Figures 26 and 27 shows 
that the mass transfer Peclet number and the turbulent 
Schmidt number are measures of similar effects. 
Figure 28 shows the variation of the average axial mass 
diffusivity with Reynolds number. Like the corresponding 
radial diffusivity curve, the variation is linear with Rey­
nolds number and the intercept with the molecular value is 
around 2000. 
Figure 29 shows the variation of the axial average Peclet 
number with Reynolds number. This is similar to the radial 
curve in Figure 26. Figure 3° shows the ratio of the average 
radial and axial diffusivities vs. Reynolds number. 
It is of interest to compare the relative amounts of mass 
being transferred by the processes of axial diffusion and bulk 
flow. This can be done by evaluating the terms u^ C/bz and 
Figure 28. Average axial diffusivity vs. Reynolds number 
Figure 29. Average axial Figure 30. Ratio of 
number vs. diffusivities 
Reynolds number vs. Reynolds 
number 
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E2 3^ 0/ at different points, integrating over the tube 
radius, and comparing the resulting quantities. Figure 31 
shows the variation of the ratio of these quantities with 
Reynolds numbers for several radial positions. From this 
plot three facts are important. Tha ratio of these quantities 
is smalls the ratio apparently increases with Reynolds number 
at low Reynolds numbers, and at high Reynolds numbers the 
ratio will presumably approach a limiting small value. 
Position Numbers 
It is useful to define the following position numbers. 
The radial position Peclet number 
SpB' = g (55) 
where y = distance from the tube wall, ft. 
The axial position Peclet number 
NPE'Z = E% (?6) 
The position Reynolds number 
nRE' = (57) 
The momentum position Peclet number 
NPEM = ( 58) 
In each case the tube diameter 2rQ has been replaced 
with y, and the average velocity has been replaced by the 
Figure 31. Ratio of axial diffusion/bulk flow 
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point velocity. In effect, what this accomplishes is to 
adjust the measure of the scale and intensity of turbulence 
to the considered position. The position Reynolds number may 
be considered as the ratio of the point eddy momentum 
diffusivity to the molecular momentum diffusivity. 
Figures 32 and 33 show the variation of the radial and 
axial position Peclet numbers with radial position. The 
curves for the = 5$000 and = 7>500 virtually coincide 
on this type of plot. The linear relationship of E with u 
in the turbulent region produces this phenomena. 
It is a common practice to investigate the variation of 
transport quantities with the dimensionless coordinate y+, 
defined by 
y+ = *fT /Ï7 (59) 
where f = the friction factor. The conversion of Q to y+ is 
shown in Table 10 of the Appendix. Figure 3^  shows the 
variations of the radial position Peclet number with y+. The 
effect of using y is to separate the curves. 
A group which shows some promise for correlation 
purposes is the group u(l-0)/V. Figure 35 shows the variation 
of the radial position Peclet number with this group. Once 
again the curves for the highest two Reynolds numbers 
virtually coincide. The combination of u/V with the group 
(1-0) brings the curves closer together. 
Figure 32. Variation of radial position Peclet number with 
radial position 
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The variation of the turbulent Schmidt number with 
radial position is shown in Figure 36. These curves qualita­
tively resemble those of Figure 32 for the radial position 
Peclet number * 
- One of the most revealing ways to investigate the results 
of this study is to examine the variation of the position 
Peclet number with the position Reynolds number. Figures 37, 
38, 39, and 40 show this variation. Figures 37, 38, and 39 
are semi-logarithmic plots, while Figure M) is a log-log plot. 
In addition to the mass transfer position Peclet number, the 
momentum transfer position number as defined by Equation 58 
is plotted vs. position Reynolds number. 
Deissler (27) has presented an expression for the 
momentum diffusivity for regions near the tube wall. 
where n = 0.124. 
By rearrangement, this expression may be put into the 
form 
€t = n^ uy (1 - exp (-n2 %g,)) (60) 
(61) 
at < 30, 
(62) 
at > 650, 
Figure 36. Variation of turbulent Schmidt number with 
radial position 
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Npgt! = 65 (63) 
Deissler's equation has been plotted on Figures 38 and bO 
in order to compare it to the calculated results. 
Also, Lin, et al. (68) have presented a relation which 
predicts 6 % for y4" < 5» 
$ = (iÇ3)3 (yt) 
Multiplying through by yu and rearranging 
KPE« = HBB' (65) 
for y+ < 5} u+ es. y*, and = u+y+. Then, 
nPE" = (N^ ?)1/2 (66) 
Equation 66 has been plotted on Figure ^ 0 and extrapolated 
beyond y+ = 5 (%e* = 25) to compare to the experimental 
results. Figure 40 shows that both the mass and momentum 
position Peclet numbers increase with decreasing position 
Reynolds number near the wall, as the Deissler and Lin 
expressions would predict. However, these expressions do not 
predict the observed fact that the increase is more pronounced 
at the lower Reynolds numbers. This effect is probably due to 
the fact that the laminar film thickness increases with 
decreasing Reynolds number. 
The results shown in Figures 37-^ 0 indicate that there is 
133 
only a limited "analogy" between mass and momentum transfer 
in the range studied, in the sense that the diffusivities and 
position numbers are of roughly the same magnitude and 
qualitative variation. However, it should be emphasized 
that the actual ratio of these diffusivities (the Schmidt 
number) differs considerably from unity in certain regions. 
The customary procedure of equating E and €. can obviously 
lead to inaccurate results in these regions of the system. 
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CONCLUSIONS . 
The following conclusions may be reached as a result of 
this study. 
1. The radial component of the mass diffusivity tensor 
varies with radial position, reaching its maximum away from 
the tube center. Its variation qualitatively resembles the 
variation of eddy momentum diffusivity with position. 
2. The average radial mass diffusivity increases 
linearly with Reynolds number. 
3» Eddy diffusion is on the order of 100,000 times 
greater than molecular diffusion in the range studied. 
4. The axial component of the mass diffusivity tensor 
varies with radial position, and is appreciable in the central 
or core region. Its average value increases linearly with 
Reynolds number. 
5. The amount of mass transferred by axial diffusion in 
relation to that by bulk flow is small, and it increases with 
Reynolds number at low Reynolds number. 
6. Neglecting axial diffusion will result in calculated 
radial diffusivities which are too low, especially in the core 
region where axial diffusion is appreciable. 
7. The Peclet and Schmidt numbers vary in a similar 
qualitative manner with radial position, and also on an 
average basis with Reynolds number. Both numbers decrease 
with increasing Reynolds number. 
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8e The diffusivities can "be correlated by expressions 
which account for three effects — a velocity effect, a 
gradient effect, and a boundary layer effect» 
9» The average eddy viscosity is linear with Reynolds 
number. 
10. The position Peclet number at higher Reynolds 
numbers can be correlated with u(l-6)/V. 
11. The position mass Peclet number and the position 
momentum number vary with position Reynolds number in a 
similar fashion, and appear to approach the Deissler and Lin 
correlations near the wall. 
12. The Deissler and Lin correlations do not properly 
describe the momentum or mass diffusivity variation near the 
tube center, or the effects of the Reynolds number. 
13. There is only a rough analogy between turbulent 
mass and momentum transfer in the range studied. The turbu­
lent Schmidt number exhibits appreciable departure from unity 
throughout the system, indicating that customary procedures 
which assume that the mass and momentum diffusivities are 
equal are probably subject to appreciable error. 
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NOMENCLATURE 
C Concentration of solute, moles/eu ft 
CA Average concentration 
c* Dimensionless concentration, C/C^  
c* Steady state concentration 
cs Center concentration 
ci Concentration of species i 
C£ Feed concentration 
c Time transformed concentration 
c Doubly transformed transient concentration 
5» Doubly transformed steady state concentration 
D Molecular mass diffusivity, sq ft/min 
E Total diffusivity tensor 
!t Eddy diffusivity tensor 
Er Radial diffusivity 
Ez Axial diffusivity 
E? Dimensionless diffusivity, Er/D 
sg Dimensionless diffusivity, Ez/D 
Ea Axial dispersion coefficient 
Ër Average radial diffusivity 
Ëz Average axial diffusivity 
f Fanning friction factor 
h Increment size in numerical integration 
1 Unit tensor 
Ji Diffusion flux vector, species i, moles/min • sq ft 
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J Diffusion flux vector of solute 
K Increment label 
Kj_ Arbitrary constant 
n Unit normal vector 
n Constant, 0.124 
Npg Mass transfer Peclet number, 2 rQV/Er 
NpEi Position Peclet number, yu/Er 
NpEz Axial Peclet number, yu/Ez 
Npgti Momentum position Peclet number, yu/€ ^  
Npg Average Peclet number 
nRE Reynolds number, 2 rQV £ //* 
%E' Position Reynolds number, yu^ /ytf 
Ngct Turbulent Schmidt number, 6 ^./Er 
NgCt Average Schmidt number, t^ r 
%E«t "Corrected" Reynolds number, Ngg - 2100 
P Parameter in z transformation 
Pe$ Dimensionless quantity, Vr0/D 
q' Ratio of injector tube radius to rQ 
r Radial distance, feet 
rQ Tube radius, 1/6 foot 
s Parameter in t transformation 
S Surface area, sq ft 
t Time, minutes 
tj_ Time at start of transient sampling 
t* Dimensionless time, tV/rQ 
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u Velocity vector, ft/min 
u Axial point velocity, ft/min 
u* Dimensionless velocity, u/V 
US Center value of u* 
u+ Dimensionless velocity, uj f/2 / V 
u Dimensionless velocity, 
u/umax 
u" Second derivative of u* with ©, at 9 = 0 
V Average velocity 
y Distance from tube wall, feet 
y+ Dimensionless distance, Vf y J f/2 /(A 
z Axial distance from injection point, feet 
zx Transformed distance, z 
- 
zo 
zo Constant, 2 feet 
6 Constant used in derivative evaluation 
& t Eddy viscosity, sq ft/min 
6 tot Total viscosity 
A Difference operator 
V Gradient operator 
G r/r„ 
0 Angular coordinate 
' Dimensionless distance, z/rQ 
£ Density of fluid, Ib/ft^  
X Constant used in derivative evaluation 
T Shear stress, Ib/sq min-ft 
U Molecular viscosity, lb/ft*min 
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\ kx (î-e?) 
02 K2 ( ©) 
03 (1-0)3 
2 Summation operator 
l4o i lb-0 
BIBLIOaRMIŒBLIOG-RâîHY 
1. Abbrecht, P. H. and Chtur chill iitrar chill, S. W. The thermal 
entrance region in fullypiin fuLly developed turbulent flow. 
Am. Inst. Chem. Eng. J. lijiSng. J . 6: 268-273* I960. 
2. Aris, E. and Amundson, NT. R. i.!0 N. R-. Some remarks on longitudi­
nal mixing and diffus ion diffus i on in fixed beds. Am. Inst. 
Chem. Eng. J. 3: 280-283^ 280-283. 1957. 
3. Arnold, J. H. Kinetic thecrydi theory of diffusion in liquid 
systems. J. of Am. Chem lite. Ch. em.. Soc. 52: 3937-3942. 1930 < 
4. Badger, W. L. and Banchero, J'.piihero, J. T. Introduction to 
chemical engineering. Nixing. S.x. McGraw-Hill Book Co., 
Inc. 1955. 
5. Bakhmeteff, B. A. The méchants mechanics of turbulent flow. 
Princeton, N.J. Princetrf Princeton Univ. Press. 1936. 
6. Baldwin, L. V. and Walsh, T. „',iLsh, T. J. Turbulent diffusion in 
the core of fully develop* developed pipe flow. Am. Inst. 
Chem. Eng. J. 7: 53-60. IS 53-60 . 196I. 
7o Baron, T. Generalized graphic?!i graphical method for the design 
of fixed beds of packed "Dacke-d solids. Chem. Eng. Prog. 
48: 118-124. 1952. -So2. 
8. Beckers, H. L. Heat transfer SKransf-er in turbulent tube flow. 
Applied Science Research,:9lesear<h. 4A: 147-190. 1954. 
9. Bernard, R. A. and Wilhelm, R.i,Khelm, R. H. Turbulent diffusion 
in fixed beds of packed :31 TDacke«d solids. Chem. Eng. Prog. 
46: 233-244. 1950. ,0«Ô. 
10. Bird, R. B., Curtiss, J. F., sllJ. F. , and Hirschfeider, J. 0. 
Fluid mechanics and the "iiiund th< transport phenomena. In 
Van Antwerpen, F. J., ed.;,il J., «ed. Mass transfer : Trans­
port phenomena. M. Insti.il Am. Inist. Chem. Eng. Technical 
Publication 16: 69-66. Ji'9-86. 1955. 
11. Bird, R. B., Stewart, "W. E., E. , and Lightfoot? E. N. Notes 
on transport phenomena, anomena . N.Ï. John Wiley and Sons, 
Inc. i960. 
12. Bradshaw, R. D. and Bennett, Qiifnnett , C. 0. Fluid-particle mass 
transfer in a packed bedJMked bed. Am. Inst. Chem. Eng. J. 
7: 48-52. 196Ï. 
l4l 
13. Cairns, E. J. and Prausnitz, J. M. Longitudinal mixing 
in fluidization. Am. Inst. Chem. Eng. J. 6: 400-
405. I960. 
14. Callaghan, E. E. Analogy between Baas s and heat transfer 
with turbulent flow. Nat'1 Advis. Comm. for Aero. 
Tech. Note. 3045. 1953. 
15. Carberry, J. J. Axial dispersion and void-cell mixing 
efficiency in fluid flow in fixed beds. Am. Inst. 
Chem. Eng. J. 4: 13M-17M. 1958. 
16. Carberry, J. J. A boundary layer model of fluid-particle 
mass transfer in fixed beds. Am. Inst. Chem. Eng. 
J. 6: 460-462. I960. 
17. Carberry, J. J. and Bretten, R. H. Axial dispersion of 
mass in flow through packed beds. Am. Inst. Chem. 
Eng. J. 4: 367-371. 1958. 
18. Converse, A. 0. The effect of the velocity profile on 
axial dispersion in packed beds. Am. Inst. Chem. 
Eng. J. 6: 344-345. i960. 
19. Corcoran, ¥. H., Opfell, J. B., and Sage, B. H. Momentum 
transfer in fluids. N.Y. Academic Press. 1956. 
20. j Page, ¥., Schlinger, W. G., and Sage, B. H. 
Temperature gradients in turbulent gas streams. 
Methods and apparatus for flow between parallel 
plates. Ind. and Eng. Chem. 44: 4l0-4l8. 1952. 
21. j Rondebrush, B., and Sage, B. H. Temperature 
gradients in turbulent gas streams. Chem. Eng. 
Prog. 43: 135-140. 1947. 
22. and Sage, B. H. Role of eddy conductivity in 
thermal transport. Am. Inst. Chem. Eng. J. 2: 251-
256. 1956. 
23. Corrsin, S. Simple theory of an idealized turbulent 
mixer. Am. Inst. Chem. Eng. J. 3: 329-335» 1957. 
24. Danckwerts, P. V. Continuous flow systems: Residence 
time distributions. Chem. Eng. Science. 2: 1-9. 
1953. 
142 
25. Deemter, J. J. van, Zuiderweg, F. J., and Klinkenberg, 
A. A. Longitudinal diffusion and resistance to mass 
transfer as causes of non-ideality in chromatography. 
Chem. Eng. Science. 5: 271-289. 1956, 
26. Deisler, P. F. and Wilhelm, R. H. Diffusion in beds of 
porous solids. Ind. and Eng. Chem. 45: 1219-1225. 
1953. 
27. Deissler, R. G. Analysis of turbulent heat transfer, 
mass transfer, and friction in smooth tubes at high 
Prandtl and Schmidt numbers. Nat'l Advis. Comm. 
for Aero. Report 1210. 1955. 
28. . Analytical and experimental investigation of 
adiabatic .turbulent flow in smooth tubes. Nat'l Ad-
vis. Comm. for Aero. Tech. Note. 2138. 1950. 
29. Dhanak, A. M. Momentum and mass transfer by eddy 
diffusion in a wetted-wall column. Am. Inst. Chem. 
Eng. J. 4: 19O-196. 1958. 
30. Dorweiler, V. P. and Fabien, R. W. Mass transfer at low 
flow rates in a packed column. Am. Inst. Chem. 
Eng. J. 5s 139-145. 1959. 
31. Dryden, H. J... Turbulence and diffusion. Ind. and Eng. 
Chem. 31: 416-425. 1939. 
32. Ebach, E. A. and White, R. R. Mixing of fluids flowing 
through beds of packed solids. Am. Inst. Chem. 
Eng. J. 4: 161-169. 1958. 
33» Ergun, S. Mass transfer in packed columns. Its analogy 
to pressure loss. Chem. Eng. Prog. 48: 227-232. 
1952. 
34. Fage, A. and Townsend, H. C. H. An examination of 
turbulent flow with an ultramicroscope. Proc. Roy. 
Soc. London. A135: 65<f--663. 1932. 
35. Fahien, R. W. and Smith, J. M. Mass transfer in packed 
beds. Am. Inst. Chem. Eng. J. 1: 28-37. 1955. 
36. Flint, D. L., Kada, H., and Hanratty, T. J. Point source 
turbulent diffusion in a pipe. Am. Inst. Chem. Eng. 
J. 6: 325-331. I960. 
143 
37. Foust, A. S., Wenzel, L. A., Clump, C. W., Maus, L., and 
Andersen, L. B. Principles of unit operations. 
N.Y. John Wiley and Sons, Inc. I960. 
38. Frandolig, J. E. Mass transfer in low velocity gas 
streams. Unpublished M. S. thesis. Ames, Iowa. 
Library, Iowa State University of Science and 
Technology. 1957» 
39. Frenkiel, F. N. On the statistical theory of turbulent 
diffusion. Proc. Nat'l Acad. Science, U. S. 38: 
507-514. 1952. 
40. Friedlander, S. K
€ 
Behavior of suspended particles in a 
turbulent fluid. Am. Inst. Chem. Eng. J. 3: 381-
384. 1957. 
41. . Mass and heat transfer to single spheres and 
cylinders at low Reynolds numbers. Am. Inst. Chem. 
Eng. J. 3: 43-48. 1957. 
42 . ; and Johnstone, H. F. Deposition of suspended 
particles from turbulent gas streams. Ind. and 
Eng. Chem. 49: 1151-1156. 1957. 
43= Garner, F, H. and Sockling, R. D. Mass transfer from a 
soluble solid sphere. Am. Inst. Chem. Eng. J. 4: 
114-118. 1958. 
44. Hanratty, T. J. and Flint, D. L. Velocity profiles for 
fully developed turbulent flow in a pipe. Am. Inst. 
Chem. Eng. j". 4: 132-136. 1958. 
45. , Latinen, G. and Wilhelm, R. H. Turbulent 
diffusion in particulately fluidized beds of 
particles. Am. Inst. Chem. Eng. J. 2: 372-380. 
1956. 
46. Hawthorne, R. D. Effect of radial temperature variation 
on axial mixing in pipes. Am. Inst. Chem. Eng. J. 
6: 443-445. I960. 
47. Hegge Zijnen, B. G. van der. Measurements of the 
distribution of heat and matter in a plane turbulent 
jet of air. Applied Science Research. 7A: 277-292. 
1958. 
48. Hinze, J. 0. Turbulence. N.Y. McGraw-Hill Book Co., 
Inc. 1959. 
144 
49. Hong en g J. 0. and Walsh, R. A. The pulse testing method 
- its advantages and limitations. Washington, D.C. 
Am. Inst. Chem. Eng. Symposium on unsteady state as 
an analysis tool in chemical engineering. 1960. 
50. Hull, D. E. and Kent, J. W. Radioactive tracers to mark 
interface and measure intermixing in pipelines. 
Ind. and Eng. Chem. 44: 274-5-274-9. 1952. 
51. Jacques, G. L., Cotter, J. E., and Vermeulen, T. 
Longitudinal dispersion in packed extraction 
columns. Univ. Calif. Rad. Lab. Report 8658. 1959* 
52. and Vermeulen, T. Longitudinal dispersion in 
solvent extraction columns : Peclet numbers for 
ordered and random packings. Univ. Calif. Rad. 
Lab. Report 8029. 1957. 
53. Jenkins, R. Studies on thermal and material transfer in 
turbulent flow. Unpublished Ph. D. thesis. 
Pasadena, Calif. Librarv. Calif. Inst, of Tech. 
194-9. 
54-. Kada, H. and Hanratty, T. J. Effects of solids on 
turbulence in a fluid. Am. Inst. Chem. Eng. J. 
6: 624-630. I960. 
55. Kalinske, A. A. and Pien, C. L. Eddy diffusion. Ind. and 
Eng. Chem. 36: 220-223. 1944-. 
56. Karman, Th. von. The analogy between fluid friction and 
heat transfer. Trans. Am. Soc. Mech. Eng. 61: 
705-711. 1939 « 
57. Klinkenberg, A. A., Krajenbrink, H. J. and Lauwerier, 
H. K. Diffusion in a fluid moving at uniform 
velocity in a tube. Ind. and Eng. Chem. 45: 1202-
1208. 1953. 
58. and Sjenitzer, F. Holding time distribution of 
the Gaussian tyne. Chem. Eng. Science. 3: 258-270. 
1956. 
59. Knudsen, J. G. and Katz, D. L. Fluid dynamics and heat 
transfer, N.Y. McGraw-Hill Book Co., Inc. 1959. 
60. Kramers, H. and Alberda, G. J. Frequency response 
analysis of continuous flow systems. Chem, Eng. 
Sci. 2: 173-181. 1953. 
14-5 
61, Lapidus, L. Flow distribution and diffusion in fixed 
bed two-phase reactors. Ind. and Eng. Chem. 4-9: 
1000-1006. 1957. 
62, Laufer, J. The structure of turbulence in fully developed 
pipe flow. Nat'l Advis. Comm. for Aero. Report 
117^. 1954-. 
63, Lauwerier, H. A. Diffusion from a source in a skew 
velocity field. Applied Science Research. 4-A: 153-
158. 1954-. 
64-. Lee, J. C. Tracer measurements on a large diameter pipe. 
Chem. Eng. Science. 12: 191-197. I960* 
65. Levenspiel, 0. Longitudinal mixing of fluids flowing in 
circular pipes. Ind. and Eng. Chem. 50: 34-3-34-6. 
1950. 
66. and Smith, W. K. Notes on the diffusion-type 
model for the longitudinal mixing of fluids in flow. 
Chem. Eng. Science. 6: 227-233* 1957. 
67. Liles, A. ¥. and Geankoplis, C. J. Axial diffusion of 
liquids in packed beds and end effects. Am. Inst. 
Chem. Eng. J. 6: 591-595* I960. 
68. Lin, C. S., Moulton, R. ¥., and Putnam, G. L. Mass 
transfer between solid wall and fluid streams. 
Mechanism and eddy distribution. Relationships in 
turbulent flow. Ind. and Eng. Chem. 4-5: 636-64-0. 
1953. 
69. Lindgren, E. R. Notes on the flow of liquids in tubes. 
Applied Science Research. 4-A: 313-316. 1954-. 
70. Linton, W. H. and Sherwood, T. K. Mass transfer from 
solid shapes to water in streamline and turbulent 
flow. Chem. Eng. Prog. 46 : 258-264-. 1950. 
71. Longwell, J. P. and Weiss, M. Mixing and distribution of 
liquids in high velocity air streams. Ind. and Eng. 
Chem. 4-5: 667-671* 1953. 
72. Longwell, P. A. Graphical solution of turbulent flow 
diffusion equations. Am. Inst. Chem. Eng. J. 3: 
353-360. 1957. 
146 
73» Lynn, S., Corcoran, W. H., and Sage, B. H. Material 
transport in turbulent gas streams. Radial 
diffusion in a circular conduit. Am. Inst. Chem. 
Eng. J. 3: 11-15. 1957. 
74, Martinelli, R. C. Velocity distribution for turbulent 
flow. Trans. Am. Soc. Mech. Eng. 69: 947-959. 
1947. 
75= McAdams, W. H. Heat transmission» 3rd éd. N.Y. McGraw-
Hill Book Co., Inc. 1954. 
76. McCarter, R. J. and Strutzman, L. F. Transfer resist­
ance and fluid mechanics. Am. Inst. Chem. Eng. J. 
5: 502-507. 1959. 
77. , , and Koch, H. A. Temperature 
gradients and eddy diffusivities in turbulent fluid 
flow. Ind. and Eng. Chem. 4l: 1290-1295. 1954. 
78. McHenry, K. W. and Wilhelm, R. H. Axial mixing of binary 
gas mixtures flowing in a random bed of spheres. 
Am. Inst. Chem. Eng. J. 3: 83-91. 1957. 
79. Mickelsen, W. R. Measurements of the effect of molecular 
diffusivity in turbulent diffusion. J. of Fluid 
Mechanics. 7: 397-400. I960. 
80. Miyauchi, T. Longitudinal dispersion in solvent extrac­
tion columns: Mathematical theory. Univ. of Calif. 
Rad. Lap. Report 3911. 1957. 
81. Opfell, J. B. and Sage, B. H. Relations in material 
transport. Ind. and Eng. Chem. 47: 918-922. 1955* 
82. and . Turbulence in thermal and 
material transport. In Drew, T. B. and Hoopes, 
J. S., Jr., eds. Advances in chemical engineering. 
Vol. 1. N.Y. Academic Press. 1956. 
83. Pai, S. J. Viscous flow theory. Vol. 2. Princeton, 
N.J. Van Nostrand and Co. 1957. 
84. Perry, J. H., ed. Chemical engineers' handbook. 3rd ed. 
N.Y. McGraw-Hill Book Co., Inc. 1950 
85. Potter. 0. E. Mass transfer between co-current fluid 
streams and boundary layer solutions. Chem. Eng. 
Science. 6: 170-182. 1957. 
147 
86. Prandtl, L. Essentials of fluid dynamics. N.Y. Hafner, 
Inc. 1952. 
87. . Der masseaustausch in freier luft und 
vervandte erscheinungen. Vienna. Hamburg. 1925. 
88. Prausnitz, J. M. Longitudinal dispersion in a packed 
bed. Am. Inst. Chem. Eng. J. 4; 14M-18M. 1958. 
89. and Wiihelm, R. H. Turbulent diffusion and 
concentration fluctuation in a packed bed. Ind. 
and Eng. Chem. 4-9: 978-984. 1957. 
90. Prengle, R. S. and Rothfus, R. R. Transition phenomena 
in pipes and annular cross sections. Ind. and Eng. 
Chem. 47: 379-382. 1955. 
91. Richardson, F. M. and Beatty, V. 0. Patterns in turbu­
lent flow in wall adjacent region. Physics of 
Fluids. 2: 718-719. 1959. 
92. Roley, G. Gaseous diffusion at moderate flow rates in 
circular conduits. Unpublished M. S. thesis. 
Ames, Iowa. Library, Iowa State University of 
Science and Technology. I960. 
93. Rothfus, R. R., Archer, D. H., Klimas, I. C., and Sikchi, 
K. G. Simplified flow calculations for tubes and 
parallel plates. Am. Inst. Chem. Eng. J. 3: 208-
214. 1957. 
94 . , ? and Sikchi, K. G. Distribution of 
eddy viscosity and mixing length in smooth tubes. 
Am. Inst. Chem. Eng. J. 4: 27-32. 1955. 
95o and Monrad, C. C. Correlation of turbulent 
velocities for tubes and parallel plates. Ind. 
and Eng. Chem. 47: 1147-1150. 1955. 
960 and Prengle, R. S. Laminar-turbulent transition 
in smooth tubes. Ind. and Eng. Chem. 44: I683-I688. 
1952. 
97= , Walker, J. E., and Whan, G. A. Correlation of 
local velocities in tubes, annuli, and parallel 
plates. Am. Inst. Chem. Eng. J. 4: 240-245. 1958. 
98. Ryan, N. W. and Johnson, M. M. Transition from 1-j-insr-
to turbulent flow in pipes. Am. Inst. Chem. Bng~ 
J. 5: 433-436. 1959. 
148 
99• Sage, B. H. Some aspects of fluid mechanics in chemical 
engineering. Am. Inst. Chem. Eng. J. 5: 331-336. 
1959. 
100. Sandborn, V. A. Experimental evaluation of momentum 
tensors in turbulent pipe flow. Nat'l Advis. Comm. 
for Aero. Technical Note 3266. 1955» 
101. Schiesser, W. E. and Lapidus, L. Further studies of 
fluid flow and mass transfer in trickle beds. Am. 
Inst. Chem. Eng. J. 7: 163-171. 1961. 
102. Schlichting, H. translated by Kestin, J. Boundary 
layer theory. N.Y. Permagon Press. 1955. 
103. Schlinger, W. G., Berry, W., Mason, J. L., and Sage, 
B. H. Temperature gradients in turbulent gas 
streams. Ind. and Eng. Chem. 45: 662-665. 1953. 
104. and Sage, B. H. Material transfer in turbulent 
gas streams. Ind. and Eng. Chem. 45: 657-661. 
1953. 
105. Schwartz, C. E. and Smith, J. M. Flow distribution in 
packed beds. Ind. and Eng. Chem. 45: 1209-1218. 
1953. 
106. Schwarz. W. H. and Hoelscher, H. E. Mass transfer in a 
we feed-wall column: turbulent flow. Am. Inst. 
Chem. Eng. J. 2: 101-110. 1956. 
107. Seagrave, R. C. Mass transfer in liquid streams. 
Unpublished M. S. thesis. Ames, Iowa. Library, 
Iowa State University of Science and Technology. 
1959. 
108. Sherwood, T. K. Heat transfer, mass transfer, and 
fluid friction. Relationships in turbulent flow. 
Ind. and Eng. Chem. 42: 2077-2084. 195°. 
109. and Pigford, R. L. Absorption and extraction. 
N.Y. McGraw-Hill Book Co., Inc. 1952. 
110. and Towle, R. Mass transfer in the central 
portion of a turbulent air stream. Ind. and Eng. 
Chem. 31: 451-456. 1939. 
149 
111. and Woertz, B. B. The role of eddy diffusivity 
in mass transfer between phases. Trans. Am. Inst. 
Chem. Eng. 35: 517-540. 1939. 
112. Singh, S. N. Heat transfer by laminar flow in a 
cylindrical tube. Applied Science Research. 7A: 
325-340. 1958. 
113. Sleicher, C. A. Axial mixing and extraction efficiency. 
Am. Inst. Chem. Eng. J. 5: 145-149. 1959. 
114. Steele, L. R. and Geankoplis, C. J. Mass transfer from 
a solid sphere to water in highly turbulent flow. 
Am. Inst. Chem. Eng. J. 5: 17°-l8l. 1959* 
115. Steinberger, R. L. and Treybal, R. E. Mass transfer 
from a solid soluble sphere to a flowing liquid 
stream. Am. Inst. Chem. Eng. J. 6: 227-232. I960. 
116. Stirba, C. L. and Hurt, D. M. Turbulence in falling 
liquid films. Am. Inst. Chem. Eng. J. 1: 178-181. 
1955. 
117. Strang, D. A. and Geankoplis, C. J. Longitudinal 
diffusivity of liquids in packed beds. Ind. and 
Eng. Chem. 50: 1305-1310. 1958. 
118. Taylor, G. I. The dispersion of matter in turbulent 
flow through a uipe. Proc. Roy. Soc. London. 
A223: 446-468. 1954. 
119. . Dispersion of soluble matter in solvent 
flowing slowly through a tube. Proc. Roy. Soc. 
London. A219: 186-195. 1953-
120. . The spectrum of turbulence. Proc. Roy. Soc. 
London. A164: 476-490. 1938. 
121. . Statistical theory of turbulence. Diffusion 
in a turbulent air stream. Proc. Roy. Soc. London. 
A151: 465-478. 1935. 
122. Ticbacek, L. J., Barkelew, C. H., and Baron, T. Axial 
mixing in pipes. Am. Inst. Chem. Eng. J. 3: 439-
442. 1957. 
123. Tien, C. L. On the eddy diffusivities for momentum and 
heat. Applied Science Research. 8A: 345-348. 1959» 
150 
124. Toor, H. L. Turbulent diffusion and the multicomponent. 
Reynolds analogy. Am. Inst. Chem. Eng. J. 6: 525-
527. I960. 
125. Towle, W. L. and Sherwood, T. K. Eddy diffusion. Ind. 
and Eng. Chem. 31; 457-462. 1939-
126. Townsend, A. A. The diffusion behind a line source in 
homogeneous turbulence. Proc. Roy. Soc. London. 
A224: 487-495. 1954, 
127. Treybal, R. E. Mass transfer operations. N.Y. McGraw-
Hill Book Co., Inc. 1955. 
128. Walker, R. E. and Westenberg, A. A. Molecular diffusion 
studies in gases at high temperature. J. of Chem. 
Phys. 29; 1139-1153. 1958. 
129. Wehner, J. F. and Wilhelm, R. H. Boudary conditions of 
flow reactor. Chem. Eng. Science. 6: 89-93» 1956. 
130. Wilke, C. R. Estimation of liquid diffusion coefficients. 
Chem. Eng. Prog. 45: 218-224. 1949. 
131. Wilson, H. A. On heat dissipation from a point source 
in a fluid stream. Proc. Camb. Phil. Soc. 12Ï 406-
4l4. 1904. 
132. Whan, G. A. and Rothfus, R. R. Characteristics of 
transition flow between parallel slates. Am. Inst. 
Chem. Eng. J. 5: 204-208. 1959. 
133. Yablonski, V. S., Asatwryan, A. S., and Khizgilov, I. K. 
Turbulent diffusion in pipes. Inzh-Fix. Zh. 3: 117-
122. I960. 
134. Yagi, S., Kunii, D., and Wakao, N. Studies on axial 
effective thermal conductivities in packed beds. 
Am. Inst. Chem. Eng. J. 6: 543-546. I960* 
151 
ACKNOWLEDGMENTS 
The author wishes to express his appreciation to the 
following for their services: 
The Engineering Experiment Station for their original 
support of the project, and its associated personnel for their 
help. 
The Monsanto Chemical Company whose grant helped to 
support the work. 
The faculty and staff of the Chemical Engineering 
Department for their many contributions. 
His colleagues among the graduate students, who helped 
provide a unique atmosphere for research. 
Special thanks is due Dr. Ray Fahien, for his sugges­
tions, patience, encouragement, and many hours of assistance 
on the project. 
152 
APPENDIX 
153 
Independency Considerations 
A question that might arise would be whether or not 
Equations 19 and 20 are independent equations, that is, can 
equations at two values of time be used to compute a unique 
pair of diffusivities? Further, if this is possible in time, 
could not the same thing be accomplished using two equations 
in axial distance? It is instructive to examine the z case to 
illustrate the independency conditions. 
Consider a solution in z (using z variation). At 0=0, 
t = co , take measurements at zj_ and Zg and obtain 
These equations may be solved if the determinant of the 
coefficients is non-zero, or 
(1) 
^ 0 ( 2 )  
Investigate the condition for the dependency of (2)« 
This determinant will be zero if 
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72 
—2 = a constant in z (3) 
*":(.) 1 
3z^ 
32c 
If this is true, "by dividing through by u — — 
az2~"; ° iza 
Since E^, Ez, and u are not functions of z. If this 
holds, it implies, by integrating twice in z, that 
C* = C1K2e1/K2 Z + C2 (5) 
where C^ and C^ are constants of integration. If C* is of 
this form in z, the described procedure using Equation (1) 
cannot be used to determine the E's, since dependent equa­
tions will result. The exact form of the exponential is 
f ii « Ki i] 1 
exP[72 5~- • 2~ + I-!2' since Kl is negative, the exponent 
is negative. The exponential form in the Bessel solution 
(Er and u constant) is f2 X^Ey Vr eXpl "^o + Ez 
All experimental data indicate that the variation of C* 
with z is a negative exponential. Heuristically one would 
suspect this to be the case, since C* reaches its limiting 
value at z = CO „ 
These considerations indicate that efforts to evaluate 
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the diffusivities using a z experiment would be severely 
hampered by the nature of the functions involved. 
In this light, the case in time can be examined. 
Rewriting Equation (1) at 6=0, z, and at two times, one 
can again as an independency criteria investigate the 
coefficient matrix 
72-
72 
>2ç 
&z2 
%2ç 
àz2 
(tj) 
(t2) 
o 
= 0 
The condition for dependency now becomes 
72 
"T§2<« 
%2ç* 
&z2 
(t) 
= K^, a constant in time 
( 6 )  
(7) 
Dividing through by Uq as before 
à z2 
àz2 (t) 
(8) 
since Ep, Ez and uQ are not functions of t. 
At this point, a similar analysis as used in the z case 
is not possible, since the variations in time of the deriva­
tives in Equation 36 are not known mathematically. There is 
no reason to suspect that (8) is true or untrue, from 
strictly mathematical grounds. It becomes necessary to 
1# 
resort to experimental considerations. The data indicate 
that (8) does not hold, and that it is possible to evaluate 
the diffusivities from a time experiment» 
Analysis of Mass Transfer 
It is instructive to analyze the mass transfer in the 
fluid stream. Making a material balance on a differential 
element near the tube center, one obtains 
AB + AA + AR = 0 (1) 
where AB = Mass out - mass in by bulk flow 
AA = Mass out - mass in by axial diffusion 
AR = Mass out - mass in by radial diffusion 
A positive A is a depletion, a negative A is an accumulation. 
Equation 1 states that the sum of depletions is zero, We may 
write 
AB = u-r^ = a negative number. since 
0 z 7 bz 
is negative 
AA = -Ez-~j — (-Ez -y^) j , a negative number, 
since I is a larger negative number 
o z Jj 
than 
i z l 2  
AR = -r Er^ | , a positive number, since 
is negative (-à£| = 0). 
In summary, mass is accumulated by bulk flow and axial 
diffusion, and depleted by radial diffusion. Then 
ÎAH ! = JAAl + |AB| (2) 
Since Er is evaluated by determining AR, neglecting AA 
will produce Er's which are too small. 
Away from the tube center the situation is similar. 
Table 1. Steady state concentration data 
0  
NRE = 3,000 NRE = 5,000 NRE =  7 , 5 0 0  
2-,=24 %=30 2=36 z=24 z=30 Z = 3 6  z=24 z=3Ô z=36 
0 . 0 0 0  3.45 3.05 2 .45 4.12 3.21 2.64 5.19 3.61 2.90 
0.129 3.38 3.00 2 .43 3.86 3.04 
lT
\ lr
\ CM 
5 . 0 0  3.44 2.74 
0 . 2 5 8  3.17 2.73 2.38 3.51 2.85 2.28 4.42 3.20 2.49 
0.387 2.41 2 . 2 0  2 . 1 3  3.01 2.57 1.97 3.44 2.39 2.01 
0.516 1.42 1.55 1.65 1.98 1.79 1.45 2.25 1.52 1.49 
0.645 0.59 0.80 0.88 O.30 0.36 0.64 O . 2 3  0.43 0.46 
0.774 0 . 1 5  0 . 2 5  0 . 2 6  0 . 1 5  0.22 0.35 0.05 0.22 0.26 
0.903 0.00 0 . 0 1  0.03 0 . 0 0  0.05 0.18 0.00 0.12 0.20 
Table 2. Velocity data 
uT ft./min 
G 3000 5ÔÔÔ 7500 
0.000 9.2? 14.65 21.59 
0.129 9.09 14.43 21.29 
0.258 8.89 14.10 20.88 
0.387 8.65 13.78 20.30 
0.516 8.31 13.31 19.60 
0.645 7.84 12.75 18.6 
0.774 6.97 11.70 17.3 
O.903 4.61 8.72 14.1 
1.000 0.00 0.00 0.0 
V 6.70 11.15 16.6 
u/V 
3000 0ôô TFôo 
1.380 
1.355 
1.323 
1.290 
1.240 
1.169 
1.030 
0.688 
0.000 
1.311 
1.292 
1.262 
1.233 
1.193 
1.141 
1.048 
0.781 
0.000 
1.295 
1.277 
1.252 
1.218 
1.177 
1.119 
1.039 
0.851 
0.000 
Table 3» Transformed concentration data 
s = 0.10, E-f_l»0 s = 0.0%, P = 0.5 
6 3000 Wô T^OCT 3000 5,000 75ÔÔ 
0.000 3.4980 5.7305 6.0569 
C 
26.2927 47.9652 64.0083 
0.129 3.2330 502041 5.6010 25.I547 45.2103 60.2751 
0.258 2.9530 4.6214 4.8717 22.9043 39.6731 53.7759 
0.387 2.3561 3.9082 3.9179 18.7959 34.4063 41.8237 
0.516 1.4941 2.7496 2.8861 13.3641 25.0302 25.9537 
0.645 0.7890 0.7862 0.7641 6.5833 10.0874 8.3144 
0.774 0.2274 0.4604 0.4212 1,7831 7.0874 3.8997 
0.000 2.7243 2.9119 3.3434 
Cqq 
4.5451 4.7295 5.2815 
0.129 2.6233 2.7629 3.1755 4.3899 4.5154 5.0228 
0.258 2.4531 2.5313 2.9049 4.1212 4.1637 4.6449 
0.387 2.0360 2.1948 2.2645 3 . 5353 3.6799 3.7446 
0.516 1.4447 1.5671 1.6648 2.6691 2.8242 2.8959 
0.645 0.7781 0.5023 0.4869 1.7056 1.3228 1.2382 
0.774 0.3549 0.3277 0.2481 1.0615 1.0219 0.8517 
161 
Table 4. Diffusivity results 
^rhCft^/min) x 1Q2 szK(ft2/min) 
© Is 11= IIIe Mean Is ÏT3 HT1 Mean 
NRE ~ 3000 
0.000 1.100 0.911 1.90 1.31 10.01 10.30 7.68 9.33 0.129 1.420 1.400 1.78 1.53 7.12 6.44 5.97 6.84 
0.258 1.00 0.942 1.48 1.17 L.LJ 1.31 3.96 2.13 
0.387 0.644 0.722 1.07 0.81 0.03 0.15 0.55 0.24 
0.516 0.454 0.460 0.88 0.60 
0.645 0.012 0.010 0.15 0.12 
%E = 5000 
0.000 3.05 2.87 3.98 3.30 18.7 14.30 10.70 14.6 
0.129 5.78 4.54 5.50 5.27 16.8 20.30 10.65 15.9 
0.258 4.4L 3.90 4.49 4.27 11.2 8.14 9.70 9.7 
0.387 2.37 2.44 2.82 2.54 5.4 4.51 6.70 5.6 
0.516 1.35 1.81 1.19 1.45 1.1 1.15 3.10 1.8 
0.645 0.71 0.83 0.60 0.72 1.7 0.6 
NRE = 7500 
0.000 6.77 5.97 6.77 6.50 31.05 32.08 34.30 32.5 0.129 7.78 8.97 7.78 8.18 23.80 24.00 29.96 25.9 
0.258 5.95 6.44 6.95 6.45 19.20 18.80 30.41 22.8 
0.387 4.97 4.82 4.31 4.70 7.82 7.60 13.50 9.6 
0.516 2.33 1.92 2.41 2.22 1.83 1.95 2.51 2.1 
0.645 0.35 0.21 1.98 0.35 
aI - transformation results, s = 0.1, p = 1.0. 
%II - transformation results, s = 0.05, p = 0.5. 
CIII - graphical derivative results. 
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Table 5<> Diffusivity correlation constants 
ER = [K-LCI-92) + 
Ez = |K3(1-02) + 
(I-@)3 
(1-0)5 
NRE £l ^2 h % 
3000 
5000 
7500 
0.013 0.090 
0.033 0.330 
0.065 0.470 
9 . 5  
14.5 
30.0 
20 
121 
211 
Kx = 1.16 x 10-5 (NRE - 2100) 
K2 = 9.6 x 10-5 (NRE - 2100) 
K3 =  5 . 6  x  10-3 (NRE - 2100) 
Kij. = 0.04 (Nre - 2100) 
Table 6. Eddy viscosity calculation 
NRE Polynomial 
3000 u = 1 - 1.2956§ + 13.7# - 53.3^ 
500C u = 1 - 0.973Gr + 8.33# - 31.70 
7500 u = 1 - 0.742 62 + 5.18G+ - 19.ier 
Ngg -V2frQ/2u0 gtot(0)ft2/mil1 
3000 0.00458 -2.59 0.00177 
5000 0.00682 -1.95 0.00350 
7500 0.00936 -1.48 O.OO632 
11 
= 
Stot 
- & To = e^2f 
^maz d@ 
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Table 7. Averaged values 
NRE ErxK>2 Ez NPE NPE fi tot Nsct E2/E; 
3000 0.359 0.35 825 8.7 0.378 1.02 95 
5000 1.060 1.53 433 3.1 0.539 0.55 143 
7500 1.805 3.07 308 1.8 0.927 0.51 100 
Table 8. Turbulent Schmidt number 
6 3000 5000 7500 
0.000 0.064 0.079 0.088 
0.129 0.128 0.088 0.086 
0.258 0.398 0.166 0.163 
0.387 0.545 0.263 0.242 
0.516 0.831 0.463 0.423 
0.645 0.831 0.753 0.750 
0 . 7 7 4  1.285 1.050 I.5IO 
0.903 1.550 2.56 
Table 9« Position number calculation 
0 
0.000 
0.129 
0.258 
0.387 
0.516 
0.645 
0.774 
0.903 
1.000 
0.000 
0.129 
0.258 
0.387 
0.516 
0.645 
0 . 7 7 4  
0.903 
1.000 
XU£/AL„ 
3000 50Ô0 75 00 yu/iE _ 3 0 0 0  ^ 0 0 0 7 3 0 0  3000 000 7500 
1775 2820 4145 115 72 54 0. 161 0.162 0.108 
1515 2410 3555 82 4o 37 0. 187 0.130 0.116 
1265 2005 2965 80 35 34 0. 500 0.175 0.110 
1015 1620 2380 85 40 36 3. 57 0.244 0.209 
767 1230 1810 93 55 47 0.579 0.725 
530 864 1267 112 73 70 1.26 1.33 
302 505 749 255 107 106 •» 
85 160 260 - 135 146 - - ~ 
u €t x 102 yu/€ t 
I 3000 5000 7500 3000 
0
 
0
 
&
 
0
 
0
 
tr
\ 
i
l
 
0.162 9.25 14.65 21.59 0.09 0.26 0. 57 1800 914 613 0.141 0.09 14.43 21.29 0.20 0.44 0. 70 640 453 429 
0.120 8.89 14.10 20.88 0.53 0.80 1. 20 201 211 209 
0.099 8.65 13.78 20.30 0.55 0.90 1.35 156 152 149 
0.078 8.31 13.31 19.60 0.58 0.87 1.38 112 119 111 
0.057 7.84 12.75 18.65 0.33 0.74 1. 30 135 97 82 
0.037 6.97 11.70 17.33 0.13 0.50 1. 04 198 52 62 
0.016 4.61 8.72 14.19 0.03 0.16 0. 4o 246 87 57 
0.000 0.00 0.00 0.00 0.00 0,00 0. 00 
£ 
-r 
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'"able 10. y+ Calculation 
Q 3000 5000 7500 
0.000 96.5 148 211 
0 . 1 2 9  84.0 129 184 
0.258 71.5 110 156 
0.387 58.9 90.5 129 
0.516 46.4 71.3 103 
0.645 33.9 52.2 74.5 
0 . 7 7 4  22.0 33.8 48.3 
0.903 9.5 14.6 20.9 
y+ = /Tr° (i-e) 
Table 11. Graphical calculation procedure 
I. 1. Pick 
2. Pick z 
3„ Pick tj, t2 
4. Divide radius into N increments. Label increments 
K = 0, 1, 2, ... N 
5. Next label the half-increments h = 0, 1, 2, 3 
where h = 0, K = 1/2; h = 1, K = 1*1/2, etc. 
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Table 11. (Continued) 
II. 6. From experimental data obtain the following 
yn. ^ , 
a. (—vrj-c av t. 
^3t;K 
ÔÇ 
ae 
ac 
be ("t^K at tl 
Label TK 
Label G1X 
Label 
Label H1 
Label H2 
Label lIK 
Label L2K 
Label F1X 
Label F2K 
(
"5©)k at t2 
c .  3 6  — a t  t 1 ?  K  =  0  
36 at tg * K = 0 
d
- 
(_ri)K at ti 
(
"'fz)K at t2 
e* ("Tzi)K at tl 
at t2 
III. 7. From velocity data, tabulate uK. 
IV. 8. Calculate D^- = 36 G^ 
D2K = 36 ©K G2K 
9. Calculate D^h = dik+1 ~ ^1k/2 
D2h = D2K+1 " D2k/2 
10. Calculate = uK L-jK 
b2K = UK l2K 
11. Calculate fK = FJJ^/F^ 
12. Calculate B^ 
13 • Calculate 0 g — [T^ + B^ - ^ ^  J A 0 
14. Calculate R^ = 2 (use O^A9|^=o = = (^@/2 ^ 
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Table 11. (Continued) 
15. Calculate Er0 = !10 * 
16. Calculate Ez0 = B20 - A2 Ero 
F20 
V. 17. Calculate Eph from 
rK = ErhDlh ~ | ?s [ErhD2h " Er(h-l)D2(h-J 
(let Er(h=0) = Ero) 
VI. 18. Calculate EZK from 
£ f2KBZK6KA6 = ^ B2KeKA6 " ErhD2h 
QKAels=0 = F20E2o -°B20 = 
Table 12. Sample calculation 
K TK G1K g2K L1K l2K 
nRE = 5000 z = 3 6 "  
0 31*-0 6  0 . 0 0 0  0.000 - 2 . 0 2  -1.14 
1  3 4 . 0  - O . 8 8 3  - 1 . 0 8 2  - 1 . 7 7  - 1 . 1 3  
2 21.7 -1.630 -1.629 -1.58 -1.03 
3 14.2 -1.570 -2.10 -1.42 -0.88 
4 12.7 -6.70 -10.5 -1.10 -0.46 
5  8 . 2 5  - 1 9 . 2 0  - 1 4 . 9  - 0 . 3 0 7  + 0 .474 
6  4 . 0 0  - 3 . 1 7  - 1 . 1 4  - 0 . 1 6 1  +0.295 
7  2 . 0 3  0 . 0 0  0 . 0 0  0 . 0 0 0  0 . 0 0  
8 0.00 0.00 0.00 0.000 OoOO 
bIK b2K IK 
Al = -377 
0 - 2 9 . 6  - 1 6 . 8 9  5.47 9 2 . 1  
1  - 2 5 . 5  - 1 6 . 3 1  4 . 8 0  7 8 . 3  
2  - 2 2 . 3  - 1 4 . 5 2  4. 6 9  6 8 . 1  
3 - 1 9 . 6  - 1 2 . 1 2  4 , 5 4  5 5 . 0  
4 -14.6 - 6.12 6.67 40,8 
5 - 3.91 + 6.04 0.237 1.43 
6 » 1.88 + 3.45 0.101 0.3c 
F IK F 2K u-K Dlh JJ 2h 
tl = 1 2 . 5  t 2  =  
2 . 8 1  0.514 14.65 
2.37 0 . 4 9 4  14.43 
2.10 0.448 14.10 
1,78 0.392 13.78 
1 . 0 0  0.150 13,31 
0.089 0.374 12.75 
0.025 0.247 11.70 
0 . 0 0  0.00 8.72 
0.00 0.00 0.00 
00 
% 
Ag — —443 
0.251 
1.120 
1.742 
1 , 9 2 0  
2.007 
0.372 
0.191 
0.251 
1.371 
3.113 
9.033 
7.040 
7.412 
7.603 
- 1 . 0 3 4  
-8.772 
-18.60 
-68.02 
-270.04 
-285.8 
-47.85 
0.00 
0.00 
E 
-1.266 
-9.463 
-21.63 
-102.51 
-275.6 
-217.6 
-17.15 
0.00 
0.00 
i*h 
0.0598 
0.0473 
0.0413 
0 . 0 1 2 5  
0 . 0 0 5 9  
E zh 
10.98 
12.23 
8.57 
6 . 6 7  
3 . 0 2  
0.00 
& CO 
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Table 13. Sample calculation using transformed data 
6 K A1K a2K d1K d2K Blh 
0. 000 0 -8.908 -6.753 1.578 0.194 - 4.770 - 1.818 0, 329 T X -8.245 -6.590 1.439 0.181 - 15.196 - 9.219 
0 2 -6.116 -6.205 1.339 0.201 - 53.838 - 37.569 C. 3 07 3 -1.408 -3,546 O.563 0,131 - Q6.00S - 74=689 U. <16 4 +2.366 -I.454 -0.047 0.030 -I3O.727 —10B•14 
0, êy 5 3.276 1.004 -0.626 -O.OO3 -111.44 - 83.837 
0, 6 1.293 2.056 -0.410 -0.090 
" -31.93 (0) " ~12,17 
K = 0 
-8.906 = 72 Ero (-31-93) + (-6.753) 
+ ÈTLH (72X12.17) Ero 
Ero = 0.011 
Ezo = ^0 - Z2jro dSî 
D20 D20 dQ2 
Szo = " Ifâr + (12.17) 
E 20 = 10.5 
